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duplications
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in

the  λ-calculus



Initial motivation (side remark)

4

• no single-redex reduction strategy can be optimal 

<latexit sha1_base64="QzujlsmZJ6zxn2CnpNB5dujdlIc="></latexit>

Fm = �x . x I x x ... x
<latexit sha1_base64="o3+SheowyGUpfAizCTqvctm8yGY="></latexit>

�n = �x . x x ... x
<latexit sha1_base64="mNF3DrPLKTxkYjz8SSW7dBNARvs="></latexit>

Fm (�y .�n(y z)) where andexample 

<latexit sha1_base64="GJSa+NPBbw7Kfm03rrAQeqLQCUE="></latexit>

Fm(ωy . (y z)
n)

<latexit sha1_base64="mq6joDjuQFoq05BOgjMAQ6ZHOF8="></latexit>

(ωy . (y z)n)I (ωy . (y z)n)m→1

<latexit sha1_base64="L8oP2ph9yb0xRm8QV84nQcXFR2U="></latexit>

(I z)n (ωy . (y z)n)m→1

<latexit sha1_base64="DKWNmopUxTHRf8Mb/bhTl8j0DmM="></latexit>

zn (ωy . (y z)n)m→1

<latexit sha1_base64="MECdDA/cssjC7rP4v18VsC2UU3U="></latexit>

(ωy .!n(y z)) I (ωy .!n(y z))
m→1

<latexit sha1_base64="/JRo5kPYsZLhDifdOqDenCPCGcw="></latexit>

!n(I z) (ωy .!n(y z))
m→1

<latexit sha1_base64="VatSnR/YdmWG0jr9AJ2DuDp9nNE="></latexit>

!n z (ωy .!n(y z))
m→1

<latexit sha1_base64="g0vbu1EEsrUo70vCroVt/WycIp0="></latexit>

zn (ωy .!n(y z))
m→1

<latexit sha1_base64="DKWNmopUxTHRf8Mb/bhTl8j0DmM="></latexit>

zn (ωy . (y z)n)m→1

<latexit sha1_base64="p80anb3dssfk2PvR2OgtREAHCus="></latexit>

m → 1

<latexit sha1_base64="bhpFXURIJosTdLvF9BNH9l1ct54="></latexit>n



Duplication of redexes

• call-by-need is call-by-name with sharing to avoid duplications
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<latexit sha1_base64="paQvc+nxLeOmlf7tH29DXK0zshg="></latexit>

A

<latexit sha1_base64="IcjCyGo2+MxxaY8JTShi0e6jjSc="></latexit>

�A
<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!

<latexit sha1_base64="TZe4Ez1MGKti4qkSzlC40+z2J54="></latexit>

B
<latexit sha1_base64="ZDdny3I/Z94BEU7LCG7zxUqQUIw="></latexit>y

<latexit sha1_base64="TZf7OuYtluxBBgOL1+wj8l+ZM7M="></latexit>

AA

<latexit sha1_base64="wwKQOL5XhkF80ToEbTvPw/FzJjI="></latexit>

�B

<latexit sha1_base64="dirttSZPVMo+0rCXa9dC5Nd5hOc="></latexit>

B A

<latexit sha1_base64="oWuI5cySgbT3tWVA71NIy29Yfus="></latexit>

AB
<latexit sha1_base64="qlD1tZCR8GqRLenlNjbksJYLzEs="></latexit>

B B

<latexit sha1_base64="C/A9FCCEhBCl6hdkWhJzui9zgrg="></latexit>

y A

<latexit sha1_base64="fZFBs7pkdJv0bK4Svqp8MgV2AAo="></latexit>

y B

<latexit sha1_base64="C/JKxSIgo+qWTetCNr27tiEX9MQ="></latexit>

�A

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠
<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="5yJHo+JC4oXj6LMgriuwGHE08JM="></latexit>y y

<latexit sha1_base64="w94T2OG9jpdCbAdF96cuxRqAue8="></latexit>

�y

<latexit sha1_base64="ja1fZQ6Xl2h9Y1VoGeu5zFBxzOk="></latexit>

! = ωx . x x
<latexit sha1_base64="lVIYgwrQdpEWyGcfsvqlJ38QRjI="></latexit>

F = ωf . f y
<latexit sha1_base64="HIGTJJDiFveYieNpxyxQiBUSpdc="></latexit>

I = ωx . x
<latexit sha1_base64="1GjHrETA2b7KQ2m/qJvQZXBz+9A="></latexit>

A = F I → I y = B → y

• optimal reductions has to deal with parallel reductions



• sharing  𝝺-abstractions ?
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<latexit sha1_base64="G37KNOKZd7c+BtcmgnKOv283Be4="></latexit>

I = �x . x

• sharing  contexts ? with boxes and tags ??

• back to easier theory …

• possible sharing !!

<latexit sha1_base64="sNnXEt7ihRT61EOZe9WHLvx8qjY="></latexit>x <latexit sha1_base64="LAZhE7M0D7rIsBCLF6oSrwoL/Jo="></latexit>y

Duplication of redexes

<latexit sha1_base64="MT/bHbQhwZL8daMRaMAvUeeEwSQ="></latexit>

(�f . f a (f b))(�x . I x)

<latexit sha1_base64="2RN0aGbTjAyo6dCkMNqowamBjuU="></latexit>

�x . I x

<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!
<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a

<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!

<latexit sha1_base64="//7FlrYvG0495ZkvZ8eRMX99mHg="></latexit>

�x

<latexit sha1_base64="sNnXEt7ihRT61EOZe9WHLvx8qjY="></latexit>x<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a

<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="Vpg0CqkUoI4gHiLlZiWOVNjvOtE="></latexit>

I

<latexit sha1_base64="//7FlrYvG0495ZkvZ8eRMX99mHg="></latexit>

�x

<latexit sha1_base64="sNnXEt7ihRT61EOZe9WHLvx8qjY="></latexit>x<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a

<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!

<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a
<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="pESr9A1WEmQJjp3rgFDeJ8/GIns="></latexit>=
<latexit sha1_base64="jD6BHMueCk5iof8k43B8c+zFsog="></latexit>

a b

??

<latexit sha1_base64="mkmyOYHHsvRgPLImnNbZE/JfM4U="></latexit>

(x y)(x y)
or
(x x)(y y)



Duplication complete reductions
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• a reduction step          is duplication complete if     is a maximal set of redexes  
residuals of a single redex modulo permutations 

<latexit sha1_base64="KUlSyDua9eQLK/6WhRGfmeEpnyc="></latexit> F�!
<latexit sha1_base64="gf05kpaeh79bUZvTQLM9vyNkmmQ="></latexit>

F

<latexit sha1_base64="UqZRUWAEOby6aatUXR4fhWSIBAQ="></latexit>

F = S/⌧

<latexit sha1_base64="4P5gdZmNQTGF0lT4IwPZMuOXFwk="></latexit>�

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠
<latexit sha1_base64="f2Z4VWhg0mGoCHH3rA4MHEYPDgI="></latexit>⇢

<latexit sha1_base64="mjTnA776rm2N32WaORVo3/pMxvs="></latexit>⌧
<latexit sha1_base64="gf05kpaeh79bUZvTQLM9vyNkmmQ="></latexit>

F

<latexit sha1_base64="T38W0JRl6JMgID6m8ianUtobT9I="></latexit>

S

residuals of S 
by <latexit sha1_base64="nTtc+rxI1eXVcQtze9ELMWt5Y/w="></latexit>⌧

• but how to find           ?  
<latexit sha1_base64="NxI2q/H68d9s80MrXQxSC7fDpv0="></latexit>

h�, Si

Goal [optimality thm] leftmost-outermost d-complete reductions are optimal 
in their number of parallel reduction steps

permutation 
equivalence



Redex families
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• family of redexes is chain of residuals modulo permutation equivalence

chain of 
residuals  
from R to S

permutation 
equivalence

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠<latexit sha1_base64="BcofuApEKmI0AEYZIiFGab3KNwQ="></latexit>

R

<latexit sha1_base64="6TDfm7USIMRiAWUTk+7t7Bi8FbM="></latexit>⇢ <latexit sha1_base64="+UfL7nWHODMFc4waoH0l8Hywkg4="></latexit>�

<latexit sha1_base64="w6Y3IwVm7GTqPUgsF0ncAnbHP7A="></latexit>

S

minimal 
standard 
reduction

<latexit sha1_base64="ddNfw8E1mnCeoChNEpOikZ69CfM="></latexit>ω

<latexit sha1_base64="tLVPiaxwLY70fBqv6E5sk+gwOyQ="></latexit>

R

<latexit sha1_base64="kBzNV8YyDXGMeHPJl/NJldYPvN4="></latexit>ω0

<latexit sha1_base64="mAWJbVLJi3/TPei1hKZQ3jPRX/U="></latexit>

R0
<latexit sha1_base64="MjeFS+EA28MqEd2nVUY7TuNZQYk="></latexit>→

• in each family, canonical representative is unique with standard reduction of minimal length (stability property)

• below the canonical representative reduction, family is same as duplication of the canonical representative

<latexit sha1_base64="ddNfw8E1mnCeoChNEpOikZ69CfM="></latexit>ω

<latexit sha1_base64="tLVPiaxwLY70fBqv6E5sk+gwOyQ="></latexit>

R

<latexit sha1_base64="kBzNV8YyDXGMeHPJl/NJldYPvN4="></latexit>ω0
<latexit sha1_base64="mAWJbVLJi3/TPei1hKZQ3jPRX/U="></latexit>

R0
<latexit sha1_base64="MjeFS+EA28MqEd2nVUY7TuNZQYk="></latexit>→

<latexit sha1_base64="MjeFS+EA28MqEd2nVUY7TuNZQYk="></latexit>→
<latexit sha1_base64="G+C5DJ+n849rFNrM1okVke4Armk="></latexit>ω

<latexit sha1_base64="5Y01bXTqGDVlWw5aRl+YWrbEigk="></latexit>

R → R0 /ω

Fact [for optimality thm] d-complete reductions are same as family-complete reductions



Duplication of redexes

• call-by-need is call-by-name with sharing to avoid duplications
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<latexit sha1_base64="paQvc+nxLeOmlf7tH29DXK0zshg="></latexit>

A

<latexit sha1_base64="IcjCyGo2+MxxaY8JTShi0e6jjSc="></latexit>

�A
<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!

<latexit sha1_base64="TZe4Ez1MGKti4qkSzlC40+z2J54="></latexit>

B
<latexit sha1_base64="ZDdny3I/Z94BEU7LCG7zxUqQUIw="></latexit>y

<latexit sha1_base64="TZf7OuYtluxBBgOL1+wj8l+ZM7M="></latexit>

AA

<latexit sha1_base64="wwKQOL5XhkF80ToEbTvPw/FzJjI="></latexit>

�B

<latexit sha1_base64="dirttSZPVMo+0rCXa9dC5Nd5hOc="></latexit>

B A

<latexit sha1_base64="oWuI5cySgbT3tWVA71NIy29Yfus="></latexit>

AB
<latexit sha1_base64="qlD1tZCR8GqRLenlNjbksJYLzEs="></latexit>

B B

<latexit sha1_base64="C/A9FCCEhBCl6hdkWhJzui9zgrg="></latexit>

y A

<latexit sha1_base64="fZFBs7pkdJv0bK4Svqp8MgV2AAo="></latexit>

y B

<latexit sha1_base64="C/JKxSIgo+qWTetCNr27tiEX9MQ="></latexit>

�A

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠
<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="5yJHo+JC4oXj6LMgriuwGHE08JM="></latexit>y y

<latexit sha1_base64="w94T2OG9jpdCbAdF96cuxRqAue8="></latexit>

�y

<latexit sha1_base64="ja1fZQ6Xl2h9Y1VoGeu5zFBxzOk="></latexit>

! = ωx . x x
<latexit sha1_base64="lVIYgwrQdpEWyGcfsvqlJ38QRjI="></latexit>

F = ωf . f y
<latexit sha1_base64="HIGTJJDiFveYieNpxyxQiBUSpdc="></latexit>

I = ωx . x
<latexit sha1_base64="1GjHrETA2b7KQ2m/qJvQZXBz+9A="></latexit>

A = F I → I y = B → y

• optimal reductions has to deal with parallel reductions



calculus

labeled
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The labeled 𝝺-calculus

• labeled 𝝺-calculus 
<latexit sha1_base64="U8woxCFQmWc7yctEimjonydtCm8="></latexit>

M,N, ... ::= x | MN | �x .M | M↵

<latexit sha1_base64="vRYcU6QW9LLYvQHpKv7tYzpPQVA="></latexit>

M↵{x := N} = M{x := N}↵

<latexit sha1_base64="AKZ6Yj4utqaWLq/jlGmF4EX5CwE="></latexit>

(M↵)� = M↵�

<latexit sha1_base64="YMpsD0zVTN/OQYNFG0HrZww/h3E="></latexit>

(�x .M)↵N ! M{x := Nb↵c}d↵e

11

• labels over alphabet
<latexit sha1_base64="eqX0FpUUFMsY2vZV9sKQ0XStHY8="></latexit>

A = {a, b, c , · · · }
<latexit sha1_base64="PsHMhznDtK/69LD8kI7BbBkr+z8="></latexit>

↵,� ::= a | ↵� | d↵e | b↵c

atomic

compound new atomic names (overlined, underlined)



• their labeled 𝝺-calculus [Asperti-Laneve] 

• again an alphabet of atomic labels
<latexit sha1_base64="eqX0FpUUFMsY2vZV9sKQ0XStHY8="></latexit>

A = {a, b, c , · · · }

12

<latexit sha1_base64="5kRenqhzqZdrjyBpAEBrgKHs3gE="></latexit>

M,N, ... ::= x | MN | �x .M | a :M

<latexit sha1_base64="4M4MAs0dt6RTYCspO7GbHL4xoEs="></latexit>

(a :M){x := N} = a :M{x := N}

• correspondence with paths in initial term

<latexit sha1_base64="8porP9YIY9U4UVSDdzo0IMIdr7I="></latexit>

(a1 : a2 : · · · an :�x .M)N ! a1 : a2 : · · · an :M{x := an : an�1 : · · · a1 :N}

The labeled 𝝺-calculus



N�x

x

M

x

M

NN

<latexit sha1_base64="uRenFuAfq6aCK4+H679dNImycvw="></latexit>↵

<latexit sha1_base64="WTMjiNb94ve5DIUSQff+z9/RkqA="></latexit>

d↵e

<latexit sha1_base64="JT94C7DVTBLA07YSwd4Lo5uvGi8="></latexit>

b↵c
<latexit sha1_base64="JT94C7DVTBLA07YSwd4Lo5uvGi8="></latexit>

b↵c

13

The labeled 𝝺-calculus

Theorem [optimality] leftmost-outermost labeled-complete reductions are optimal 
in their number of parallel reduction steps

Theorem [labeled family]     redexes have same labeled names iff they are in same family



algorithm

Lamping
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Lamping algorithm
• implements optimal reductions [Lamping 90]

<latexit sha1_base64="WRrw1P28lIBbaLWguB6n0uF6jtw="></latexit>

I = ωx .x = ωy .y = ωz .z
<latexit sha1_base64="cLhzUbZM8dpOKGP+fvLbP2Z8q80="></latexit>

A = (ωg . g(g I )) (ωh. (ωf . f (f I )) (h I ))

<latexit sha1_base64="YWM0b4sAwISIU2ygT79QDVkqoE0="></latexit>

C → D : unshare ωh and ωh→

<latexit sha1_base64="xnUNQkdvLd6JTk4ns4+Yka9nQL0="></latexit>

E → F : unshare @ by permuting with fan-out

<latexit sha1_base64="V8R9VwULXHCxCHkSU5vfwLO1KZM="></latexit>

N → O: unshare ωz and ωz →

<latexit sha1_base64="/OGXI0TW2DBQi7cntrOsJR1ok6Y="></latexit>

L → M → N: idem
<latexit sha1_base64="NxcDINMe8c8pd/ygepalXWM70QA="></latexit>

I → J : permute “distinct” fan-in and fan-out



Lamping algorithm
• execution rules [Lamping 90] with interaction nets [Lafont 90]

ou

<latexit sha1_base64="Q29N+TR7ErlU/tweYuecAaawWXI="></latexit>

@
<latexit sha1_base64="+ZhCy7kc4zMBlqPrWUzbKGJ5urk="></latexit>

N
<latexit sha1_base64="T0Vuu8VCq+1FkfYhiDW+Df/glMA="></latexit>

ω
<latexit sha1_base64="mN680F0ch8u+Y6pixeo7Ou8U5Ow="></latexit>x

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M

<latexit sha1_base64="+ZhCy7kc4zMBlqPrWUzbKGJ5urk="></latexit>

N
<latexit sha1_base64="mN680F0ch8u+Y6pixeo7Ou8U5Ow="></latexit>x

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→
<latexit sha1_base64="EHm0L3rw5tOjyTM4J9sXq9ee6ck="></latexit>

(ωx .M)N <latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→ <latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→
<latexit sha1_base64="Bcg3gq6QqPSXHRMmrjyQ7oPaWWg="></latexit>

M{x := N}
<latexit sha1_base64="Rl/5+EzE74nbg669/cYeajbhn00="></latexit>

ωx .M
<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→

<latexit sha1_base64="T0Vuu8VCq+1FkfYhiDW+Df/glMA="></latexit>

ω
<latexit sha1_base64="mN680F0ch8u+Y6pixeo7Ou8U5Ow="></latexit>x

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M

<latexit sha1_base64="KkEY1RCBPz8x2m24hH4f+D8AM8A="></latexit>

M N
<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M

<latexit sha1_base64="Q29N+TR7ErlU/tweYuecAaawWXI="></latexit>

@
<latexit sha1_base64="+ZhCy7kc4zMBlqPrWUzbKGJ5urk="></latexit>

N
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="mN680F0ch8u+Y6pixeo7Ou8U5Ow="></latexit>x

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="T0Vuu8VCq+1FkfYhiDW+Df/glMA="></latexit>

ω

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→ <latexit sha1_base64="T0Vuu8VCq+1FkfYhiDW+Df/glMA="></latexit>

ω

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="T0Vuu8VCq+1FkfYhiDW+Df/glMA="></latexit>

ω

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="Q29N+TR7ErlU/tweYuecAaawWXI="></latexit>

@
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="Q29N+TR7ErlU/tweYuecAaawWXI="></latexit>

@
<latexit sha1_base64="Q29N+TR7ErlU/tweYuecAaawWXI="></latexit>

@

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→ <latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

?

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

<latexit sha1_base64="Q29N+TR7ErlU/tweYuecAaawWXI="></latexit>

@

<latexit sha1_base64="T0Vuu8VCq+1FkfYhiDW+Df/glMA="></latexit>

ω



Lamping algorithm
• implements optimal reductions [Lamping 90]with control operators ‘☾’  and ‘]’ for fanin’s and fanout’s enclosures

<latexit sha1_base64="N+99XEZO1SZRexei0ias4hQbJJw="></latexit>

non-contiguous enclosures
<latexit sha1_base64="GzIpnaxU1K/2h2ux5SzU90fHGWs="></latexit>

B → C : unconditional ↭ becomes conditional ↑ allowing



Lamping algorithm
• execution rules  [Lamping 90]



algorithm
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Gonthier algorithm

• fanin’s     and    fanout’s behave as    and  λ <latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→ <latexit sha1_base64="Q29N+TR7ErlU/tweYuecAaawWXI="></latexit>

@

• simplifying Lamping’s enclosures delimited by opening croissants ‘☾’  and closing square brackets ‘]’
☾

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
☾☾ <latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

]

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j ]]
<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j

]

]

]

]

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="uH2IV+28ZvX0XjYMVsWoRk6iZaI="></latexit>

j+1

]

☾ ]

☾

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="uH2IV+28ZvX0XjYMVsWoRk6iZaI="></latexit>

j+1

]☾

]
<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

☾

<latexit sha1_base64="X7qVp6xZkM2YB6GcoZseiSZgFv4="></latexit>

j→1

☾

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

☾

<latexit sha1_base64="X7qVp6xZkM2YB6GcoZseiSZgFv4="></latexit>

j→1

☾

☾

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

] <latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→ ] ]
<latexit sha1_base64="uH2IV+28ZvX0XjYMVsWoRk6iZaI="></latexit>

j+1<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="lJdf29jgW1o8eA92skMsil5ZTDs="></latexit>

j
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
☾

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

☾ ☾

<latexit sha1_base64="X7qVp6xZkM2YB6GcoZseiSZgFv4="></latexit>

j→1

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i]

]

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→
<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

☾

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

☾ <latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

• all operators are indexed (their depth)

<latexit sha1_base64="WhuikMxFBwRmnWISYj+cl0n6K8o="></latexit>

when 0 → i < j



Gonthier algorithm

• operators interact with their principal ports (in red) as in linear logic

☾] <latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

• coding of λ-expressions

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

]]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="uDeFmiXlyVzpZjjBqipI14PA37A="></latexit>

[[ωx .M]]

<latexit sha1_base64="NQnmKUuzyk1vdvRn+FsqmrTk2qM="></latexit>

[[M]]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

☾

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→ <latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="iMB/pqK0BfoloOXHau0HSatXMp8="></latexit>

[[M N]]
<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]
<latexit sha1_base64="NQnmKUuzyk1vdvRn+FsqmrTk2qM="></latexit>

[[M]]



Gonthier algorithm

• beta-reduction step

☾] <latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

]]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="NQnmKUuzyk1vdvRn+FsqmrTk2qM="></latexit>

[[M]]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

☾

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

<latexit sha1_base64="qZR4PL+J2mKbuCQqBo278Zjl4HY="></latexit>

[[(ωx .M)N]]

]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

]]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="NQnmKUuzyk1vdvRn+FsqmrTk2qM="></latexit>

[[M]]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

☾

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

]
<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2
]

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]
]]

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="NQnmKUuzyk1vdvRn+FsqmrTk2qM="></latexit>

[[M]]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2 ☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

]
<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2
]

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

] ]
]]

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="NQnmKUuzyk1vdvRn+FsqmrTk2qM="></latexit>

[[M]]

] ]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2 ☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2 ]

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

]]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

]
<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="NQnmKUuzyk1vdvRn+FsqmrTk2qM="></latexit>

[[M]]

☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2☾

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→
<latexit sha1_base64="YBS4u32qB++d34nNRVO55Ao9p74="></latexit>

[[M{x := N}]]

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→ <latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→ <latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→ <latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→



Gonthier algorithm

• examples

☾] <latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]
]

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

☾

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1
<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

]

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

]
<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2☾

<latexit sha1_base64="/qZlVl3BerF/MbijQ+urTtm0SAg="></latexit>

[[(ωx .x)N]]
<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]
<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→
<latexit sha1_base64="PV41eHz9zoQeukkOZIdt5+2FDj0="></latexit>

[[(ωx .y)N]]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

] ]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

☾

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→ <latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

<latexit sha1_base64="xhLCxeLV7lTuaX1emDqIsbYn4J0="></latexit>→

]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2 <latexit sha1_base64="+qgKebeQt6liW+uIr386ZMqIcbA="></latexit>

[[N]]

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→ <latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→<latexit sha1_base64="7GmTO2KVaexMHm6HUsHKKRcueH0="></latexit>→ <latexit sha1_base64="ILxpro7EGHHaERnNcCxrYdjPRWQ="></latexit>→ ]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

☾ <latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2



Gonthier algorithm

• operators can be decomposed with a (weird) bus notation

• coding of λ-expressions

]

<latexit sha1_base64="ekC+9PqR2F7EjXKzmsoyxnJaT6k="></latexit>

i
<latexit sha1_base64="G2337XeMG2HUkrtf052dw9Ra5FM="></latexit>

j

]

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i

]

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="PafSJ1IEUbEEmImH8a+iAB1x2Ps="></latexit>→ ☾

<latexit sha1_base64="ekC+9PqR2F7EjXKzmsoyxnJaT6k="></latexit>

i
<latexit sha1_base64="G2337XeMG2HUkrtf052dw9Ra5FM="></latexit>

j

☾

<latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="PafSJ1IEUbEEmImH8a+iAB1x2Ps="></latexit>→ <latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="ekC+9PqR2F7EjXKzmsoyxnJaT6k="></latexit>

i
<latexit sha1_base64="G2337XeMG2HUkrtf052dw9Ra5FM="></latexit>

j

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→ <latexit sha1_base64="TqGrZBnP6Yq7Gq4Oh+uLsSx8nus="></latexit>

i
<latexit sha1_base64="PafSJ1IEUbEEmImH8a+iAB1x2Ps="></latexit>→

<latexit sha1_base64="Rl/5+EzE74nbg669/cYeajbhn00="></latexit>

ωx .M
<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→ <latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

]

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

]]
<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="ED/uCG8TuGYFvQWpeNHQoy19HXA="></latexit>

2

<latexit sha1_base64="PafSJ1IEUbEEmImH8a+iAB1x2Ps="></latexit>→

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

] ]

☾

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→

<latexit sha1_base64="KkEY1RCBPz8x2m24hH4f+D8AM8A="></latexit>

M N
<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M
<latexit sha1_base64="+ZhCy7kc4zMBlqPrWUzbKGJ5urk="></latexit>

N

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="eGP2j8/CxS/txbRoMeONJjIB1Ys="></latexit>

1

<latexit sha1_base64="PafSJ1IEUbEEmImH8a+iAB1x2Ps="></latexit>→

<latexit sha1_base64="MPIiWH8ebRm/Y8TIq2tVerzZ9/k="></latexit>

M
<latexit sha1_base64="+ZhCy7kc4zMBlqPrWUzbKGJ5urk="></latexit>

N



Gonthier algorithm

• with the bus notation, interaction rules are ``simpler ’’ due to geometric properties



Gonthier algorithm

• semantics of the sharing nets 

<latexit sha1_base64="EoOXyfFL9f7aFJAvwBciehv5DiM="></latexit>

→... →→a1, a2↑, a3↑ ... an↑
<latexit sha1_base64="33LqacQFQ1Pdn2Hn1nlWKgjsNZw="></latexit>

→1 · ↑a2,→2↓ · ↑a3,→3↓ ... · ↑an→1,→n→1↓ · an
left wires (stack of contexts) right wires (list of associations context - operators

• transformation of  the sharing contexts

read-back procedure



machine

the BOHM
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Alternatives coding

• Asperti, Danos, Laneve, Regnier investigated relations with linear logic

• Asperti et al developped the Bologna Higher Order Machine to implement Lamping style machine

• they use the (more natural) ``call-by-need’’ coding                             instead of 
<latexit sha1_base64="chrQRxvsF7b/HuEia9rDddXTpbQ="></latexit>

D = !(D ↭ D)
<latexit sha1_base64="ICK5BAo0xm7Jov6auMNXS9xi0j0="></latexit>

D = (!D) ↭ D

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→

<latexit sha1_base64="87T3MV6xlDi+Rmf3MXC1Khy33WA="></latexit>

[[M N]]n

<latexit sha1_base64="af63xvjsqTjSqHocXb9p/BrfZrk="></latexit>

[[M]]n

<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→<latexit sha1_base64="+7fZEhs7XoqT1llO0cj7XOUd2T4="></latexit>n

<latexit sha1_base64="D/zkU5SYmbFFJmu947G3LnHceaQ="></latexit>

[[N]]n+1

]
<latexit sha1_base64="+7fZEhs7XoqT1llO0cj7XOUd2T4="></latexit>n

]
<latexit sha1_base64="+7fZEhs7XoqT1llO0cj7XOUd2T4="></latexit>n

<latexit sha1_base64="+7fZEhs7XoqT1llO0cj7XOUd2T4="></latexit>n

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→
<latexit sha1_base64="nQF9JaNH7IyCv5l0LuU/fCDQ2xU="></latexit>

→
<latexit sha1_base64="l3IHf+20DcG0rv8p01Cf52xliV0="></latexit>

[[ωx .M]]n

<latexit sha1_base64="af63xvjsqTjSqHocXb9p/BrfZrk="></latexit>

[[M]]n

<latexit sha1_base64="+7fZEhs7XoqT1llO0cj7XOUd2T4="></latexit>n

<latexit sha1_base64="hdELqOValMFKtVENP1UAwRM/raE="></latexit>

[[x ]]n
<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→ ☾ <latexit sha1_base64="+7fZEhs7XoqT1llO0cj7XOUd2T4="></latexit>n



Example

<latexit sha1_base64="obE6vZuHkiWzsn9Etnvb3VJeDrk="></latexit>→
<latexit sha1_base64="nyexxv0pooUhvHTf+JJsqNCfaLc="></latexit>

[[(ωf .ωx .f (f x)) I ]]0



Efficiency

• Statman[79] normalizing simply-typed λ-terms is not elementary recursive in size of term

• Asperti-Mairson[98] the number of simply-typed λ-terms parallel-steps is linear in size of term

• Asperti-Coppola-Martini[04] duplications are not Kalmar elementary recursive

• comments in interesting talk by Laretto[21] :

• BOHM 1.0 and 1.1 is available on web at https://github.com/asperti/BOHM1.1

[ BOHM language is PCF-style extension of untyped -calculus ]



Conclusion

• this work established a deeper correspondence between λ-calculus and linear logic

• brave student should program the GOHM analogous to BOHM

• it works for linear logic without boxes

• and also in any calculi with bound variables (interaction systems)

• problem with no difference between typed and untyped calculi

• usual functional languages implement weak reduction where sharing is easier

• much of this work is due to the                             of Georges Gonthierclairvoyance



Georges !

merci
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