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duplications

the A-calculus



Initial motivation (side remark)

* no single-redex reduction strategy can be optimal

example F. (Ay.Ap(yz)) where F,=Ax.xI/xx..x and A, = Ax.xx...x

l T

(\y-Dnly 2)) I (Ay.Dp(y 2))™ Fn(Ay- (v 2)")
Anll2) <Aly-An<yz))’“ (M- (yL")/(Ay. (y2)")m
A”Z(Ayin(y )" (12)" (lAy- (yz)")™"
2" (Ay.A}(yz))ml ‘ n
‘ m—1 ‘l'
‘l' 2" (. (y2)")"

z"(\y. (y2)")™ !



Duplication of redexes

* call-by-need is call-by-name with sharing to avoid duplications

“2 0700
A B % F=MA.fy
| = A\x. x

A=Fl = ly=B — y

* optimal reductions has to deal with parallel reductions



Duplication of redexes

 sharing A-abstractions ? [ = A\x. x

(\f.Fa(fb))(x.Ix) — ,
- VA
< ) b /Ai b

Ax. [ x
Y
/O\
AN
* possible sharing !! a X
\T/\
O (xy)(xy)
) or 27
T (xx)(yy)
A
N
Xy

e sharing contexts ? with boxes and tags ??

* back to easier theory ...



Duplication complete reductions

* a reduction step L is duplication complete if / is a maximal set of redexes
residuals of a single redex modulo permutations

S

N 4
\ permutation

equivalence

F/e F=S
residuals of S / / 7

by T

Goal [optimality thm] leftmost-outermost d-complete reductions are optimal
In their number of parallel reduction steps

e but how to find (o, S) ?



Redex families

e family of redexes is chain of residuals modulo permutation equivalence

minimal

standard
permutation A/ reduction 00
equivalence

chain of /

residuals

\
fromRto S rl?)eRo/a

* in each family, canonical representative is unique with standard reduction of minimal length (stability property)

* pbelow the canonical representative reduction, family is same as duplication of the canonical representative

Fact [for optimality thm] d-complete reductions are same as family-complete reductions



Duplication of redexes

* call-by-need is call-by-name with sharing to avoid duplications

“2 0700
A B % F=MA.fy
| = A\x. x

A=Fl = ly=B — y

/
BA AA\ N

— AB
yA AB
yB —
\ Ay
yy/

* optimal reductions has to deal with parallel reductions



calculus



The labeled A-calculus

* labels over alphabet A= {a, b,c,-

a,f = a|ab | [a | [

>

atomic

compound

e |labeled A-calculus

M,N,.. :=x| MN | Ax.M | M*
(AX-M)EN — M{x := Nle]}lal
M{x = N} = M{x = N}

(M°)° = Mo

new atomic names (overlined, underlined)



The labeled A-calculus

 again an alphabet of atomic labels A ={a,b,c, -}

e their labeled A-calculus [Asperti-Laneve]

M,N,..:=x|MN | XxM|a:M
(a1:a2: - an: AXX.MN — a1:ar:---a, M{x :=a,:a,_1:---a1: N}

(a: M){x =N} =a:M{x := N}

* correspondence with paths in initial term

12



The labeled A-calculus

Theorem [optimality] leftmost-outermost labeled-complete reductions are optimal
in their number of parallel reduction steps

Theorem [labeled family] redexes have same labeled names iff they are in same family

13






Lamping algorithm

e implements optimal reductions [Lamping 90]

| = Ax.x=Ay.y = Az.z
A= (g g(g!)) (\h. (M. F(F 1)) (1))

\e
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| — J : permute “distinct” fan-in and fan-out

N — O: unshare Az and \Z’



Lamping algorithm

e execution rules [Lamping 90] with interaction nets [Lafont 90]

|
| | © /
MN = O Ax.M = A — 7/ \ _ -
PN X AN (Ax.M)N _/)\\ N /N = M{x:= N}
M N M X Mo x M X
he — oY
X
N\ _/ | | N/ | | \@/
A A \V A
%
< [ - < |
JAN @ \V4 \V/ A
VRN | VRN | /7~ '\
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V JAN N\
- o .
V><V |
/7~ \ /7~ '\




Lamping algorithm

e implements optimal reductions [Lamping 90 ]with control operators ‘C’ and ‘]’ for fanin’s and fanout’s enclosures

unconditional T becomes conditional D allowing non-contiguous enclosures

B— C:



Lamping algorithm

[ Lamping 90]

e execution rules
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Gonthier algorithm

e fanin’s v and A fanout’s behave as @ and A

* simplifying Lamping’s enclosures delimited by opening croissants ‘C’ and closing square brackets ]’

e all operators are indexed (their depth)

j I. \/I
o o —
/
I I
ij #/vw " %jtjj Yoo kA
J / i I j ; i
' WV | +1 / ' ' /
J matl J mall J HEENE N
/ -1 i mi_1 ' i
J I J—1

when 0< /<

)
4



Gonthier algorithm

* operators interact with their principal ports (in red) as in linear logic

o ¥

e coding of A-expressions

1 &;ﬁ‘
[Ax.M] = Al [M N 1

[M] IN]

1
—




Gonthier algorithm

* pbeta-reduction step

o ¥

11 [N]] 1 1 | [N] A [NV] [NV] [M] = [M{x:= N}]
M ijz 0 AN Y T
2 Ly L, L, &/2
[[Mb ﬂMb [[Mb Wb N




Gonthier algorithm

e examples

o ¥

¢




Gonthier algorithm

e operators can be decomposed with a (weird) bus notation

di = ||| L o _
‘ A | — D Y/ p—

> >
_/ I' > A

e coding of A-expressions

N\,
C \ ya |__|1
1 4 I -y
M N M N M\j
\V{ 112




Gonthier algorithm

* with the bus notation, interaction rules are simpler ” due to geometric properties

VY \\</ | - B
N

(D

@ AT A



Gonthier algorithm

* semantics of the sharing nets

left wires (stack of contexts) right wires (list of associations context - operators
(... ((a1, a2), a3) ... an) ®1 - (32, ®2) - (a3, ®3) ... - (@n—1, Op—1) - an

* transformation of the sharing contexts

read-back procedure






Alternatives coding

e Asperti, Danos, Laneve, Regnier Investigated relations with linear logic

e Asperti et al developped the Bologna Higher Order Machine to implement Lamping style machine

* they use the (more natural) ""call-by-need” coding D = (D) — D instead of D =1!(D — D)

[x], = A [Ax.M], [M N,

[[Mb N




Example

[(AF Ax.F(f x)) o

L 1
L 10

Ao

—\ 0
—\ |

~ 2

1
10

< R\ WA\ R\



Efficiency
e Statman [79] normalizing simply-typed A-terms is not elementary recursive in size of term

e Asperti-Mairson[98] the number of simply-typed A-terms parallel-steps is linear in size of term

e Asperti-Coppola-Martini[04] duplications are not Kalmar elementary recursive

e comments in interesting talk by Laretto[21]

® For pure )\-calculus terms, BOHM greatly outperforms the
competition (SML, Caml Light, Yale Haskell), giving polynomial
reductions for many exponential cases

® For real world functional programs, BOHM is one order of magnitude
slower than call-by-value languages (SML, Caml Light), and sometimes
only slightly worse than Yale Haskell

e BOHM 1.0 and 1.1 is available on web at https://github.com/asperti/BOHML .1

[ BOHM language is PCF-style extension of untyped -calculus ]



Conclusion

* this work established a deeper correspondence between A-calculus and linear logic
* brave student should program the GOHM analogous to BOHM

* it works for linear logic without boxes

e and also in any calculi with bound variables (interaction systems)

* problem with no difference between typed and untyped calculi

e usual functional languages implement weak reduction where sharing is easier

* much of this work is due to the of Georges Gonthier
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