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The lambda-calculus 
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• calculus of functions with nested redexes and bound variables

















Tracking redexes 

• continuity of Bohm trees

• flow analysis

• reduction strategies (correctness, cost)

• termination (strong normalization)

• and …

• reversible computations

• causality (event structures)

• incremental calculations (makefile)



call-by-need
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Initial motivation

• call-by-need : call-by-name with sharing to avoid duplications

• what is duplication ?
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• duplication along reductions already performed

• so duplication should take care of history of reductions

• call-by-value :  evaluate arguments of functions before application

• call-by-name :  apply arguments to functions without evaluating them

[Ocaml]

[Haskell]



Initial motivation

• call-by-need in the 𝝺-calculus ? 

- dag with 1st-order term-rewriting systems [Maranget 1992]

- recursive program schemes with dag implementation [Vuillemin 1973]

• problem with sharing of functions
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- attempts (non optimal) for the 𝝺-calculus [Wadsworth 1972]

- using explicit substitutions ? [Ariola et al 1995]



Duplication of redexes

• call-by-need is call-by-name with sharing to avoid duplications
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<latexit sha1_base64="afzUfxQkMniqb+qySPppOIQdfjE="></latexit>

� = �x .x x

<latexit sha1_base64="ol/l2G+tI9NTDgTq0nxU5QbfGh8="></latexit>

F = �f .f y
<latexit sha1_base64="6cM034d+Jg7BtUm6KGMTHw38rac="></latexit>

I = �x .x

<latexit sha1_base64="EovRRZ8wclwAYur8HSIo4B2QfeY="></latexit>

B = I y

<latexit sha1_base64="fnYCNigJusB1bcWqm2/diBT1vUs="></latexit>

A = F I

<latexit sha1_base64="paQvc+nxLeOmlf7tH29DXK0zshg="></latexit>

A

<latexit sha1_base64="IcjCyGo2+MxxaY8JTShi0e6jjSc="></latexit>

�A
<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!

<latexit sha1_base64="TZe4Ez1MGKti4qkSzlC40+z2J54="></latexit>

B
<latexit sha1_base64="ZDdny3I/Z94BEU7LCG7zxUqQUIw="></latexit>y

<latexit sha1_base64="TZf7OuYtluxBBgOL1+wj8l+ZM7M="></latexit>

AA

<latexit sha1_base64="wwKQOL5XhkF80ToEbTvPw/FzJjI="></latexit>

�B

<latexit sha1_base64="dirttSZPVMo+0rCXa9dC5Nd5hOc="></latexit>

B A

<latexit sha1_base64="oWuI5cySgbT3tWVA71NIy29Yfus="></latexit>

AB
<latexit sha1_base64="qlD1tZCR8GqRLenlNjbksJYLzEs="></latexit>

B B

<latexit sha1_base64="C/A9FCCEhBCl6hdkWhJzui9zgrg="></latexit>

y A

<latexit sha1_base64="fZFBs7pkdJv0bK4Svqp8MgV2AAo="></latexit>

y B

<latexit sha1_base64="C/JKxSIgo+qWTetCNr27tiEX9MQ="></latexit>

�A

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠
<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="5yJHo+JC4oXj6LMgriuwGHE08JM="></latexit>y y

<latexit sha1_base64="w94T2OG9jpdCbAdF96cuxRqAue8="></latexit>

�y



Duplication of redexes

• sharing of  𝝺-abstractions ?
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<latexit sha1_base64="G37KNOKZd7c+BtcmgnKOv283Be4="></latexit>

I = �x . x

• sharing of  contexts ? with boxes and tags ??

• back to easier theory …

• possible sharing !!

<latexit sha1_base64="MT/bHbQhwZL8daMRaMAvUeeEwSQ="></latexit>

(�f . f a (f b))(�x . I x)

<latexit sha1_base64="2RN0aGbTjAyo6dCkMNqowamBjuU="></latexit>

�x . I x

<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!
<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a

<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!

<latexit sha1_base64="//7FlrYvG0495ZkvZ8eRMX99mHg="></latexit>

�x

<latexit sha1_base64="sNnXEt7ihRT61EOZe9WHLvx8qjY="></latexit>x<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a

<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="Vpg0CqkUoI4gHiLlZiWOVNjvOtE="></latexit>

I

<latexit sha1_base64="//7FlrYvG0495ZkvZ8eRMX99mHg="></latexit>

�x

<latexit sha1_base64="sNnXEt7ihRT61EOZe9WHLvx8qjY="></latexit>x<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a

<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>! <latexit sha1_base64="vKO/Q4ieoyHbUZn0zyK46Yq+RyM="></latexit>!

<latexit sha1_base64="x1r5Pp62iVIIuZsqjYK2vjx5yes="></latexit>a
<latexit sha1_base64="bH9KFTRNq+0fhVyXUfix9WlxUX4="></latexit>

b

<latexit sha1_base64="sNnXEt7ihRT61EOZe9WHLvx8qjY="></latexit>x <latexit sha1_base64="LAZhE7M0D7rIsBCLF6oSrwoL/Jo="></latexit>y

<latexit sha1_base64="7PBZRVq0Do09rv18XEoPMVIib0o="></latexit>

(x y)(x y)
ou
(x x)(y y)

??



Initial motivation (side remark)
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• no single-redex reduction strategy can be optimal 

<latexit sha1_base64="QzujlsmZJ6zxn2CnpNB5dujdlIc="></latexit>

Fm = �x . x I x x ... x
<latexit sha1_base64="o3+SheowyGUpfAizCTqvctm8yGY="></latexit>

�n = �x . x x ... x
<latexit sha1_base64="mNF3DrPLKTxkYjz8SSW7dBNARvs="></latexit>

Fm (�y .�n(y z)) where andexample 

<latexit sha1_base64="GJSa+NPBbw7Kfm03rrAQeqLQCUE="></latexit>

Fm(ωy . (y z)
n)

<latexit sha1_base64="mq6joDjuQFoq05BOgjMAQ6ZHOF8="></latexit>

(ωy . (y z)n)I (ωy . (y z)n)m→1

<latexit sha1_base64="L8oP2ph9yb0xRm8QV84nQcXFR2U="></latexit>

(I z)n (ωy . (y z)n)m→1

<latexit sha1_base64="DKWNmopUxTHRf8Mb/bhTl8j0DmM="></latexit>

zn (ωy . (y z)n)m→1

<latexit sha1_base64="MECdDA/cssjC7rP4v18VsC2UU3U="></latexit>

(ωy .!n(y z)) I (ωy .!n(y z))
m→1

<latexit sha1_base64="/JRo5kPYsZLhDifdOqDenCPCGcw="></latexit>

!n(I z) (ωy .!n(y z))
m→1

<latexit sha1_base64="VatSnR/YdmWG0jr9AJ2DuDp9nNE="></latexit>

!n z (ωy .!n(y z))
m→1

<latexit sha1_base64="g0vbu1EEsrUo70vCroVt/WycIp0="></latexit>

zn (ωy .!n(y z))
m→1

<latexit sha1_base64="DKWNmopUxTHRf8Mb/bhTl8j0DmM="></latexit>

zn (ωy . (y z)n)m→1

<latexit sha1_base64="p80anb3dssfk2PvR2OgtREAHCus="></latexit>

m → 1

<latexit sha1_base64="bhpFXURIJosTdLvF9BNH9l1ct54="></latexit>n



reduction steps 
and 

residuals
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Back to context-free languages
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• ambiguous grammar
<latexit sha1_base64="juyP+9mUNP1dTKmI6/Wnxah3Uic="></latexit>

S ! S + S
S ! a

<latexit sha1_base64="MDcEYdyEFt+Bv7Cpnq+dnM2/6gE="></latexit>

a+ a+ a• 2 distinct parse trees for

<latexit sha1_base64="wtkhxNER3G32FsHNNVwJAcSNvfQ="></latexit>a

<latexit sha1_base64="w2jUklXyRnMrjhzCfoK22fbjj+U="></latexit>

S

<latexit sha1_base64="d89kOELC5FTp9qltFtr7EEG9TSU="></latexit>

S + S

<latexit sha1_base64="d89kOELC5FTp9qltFtr7EEG9TSU="></latexit>

S + S

<latexit sha1_base64="wtkhxNER3G32FsHNNVwJAcSNvfQ="></latexit>a <latexit sha1_base64="wtkhxNER3G32FsHNNVwJAcSNvfQ="></latexit>a

<latexit sha1_base64="wtkhxNER3G32FsHNNVwJAcSNvfQ="></latexit>a

<latexit sha1_base64="w2jUklXyRnMrjhzCfoK22fbjj+U="></latexit>

S

<latexit sha1_base64="d89kOELC5FTp9qltFtr7EEG9TSU="></latexit>

S + S

<latexit sha1_base64="d89kOELC5FTp9qltFtr7EEG9TSU="></latexit>

S + S

<latexit sha1_base64="wtkhxNER3G32FsHNNVwJAcSNvfQ="></latexit>a <latexit sha1_base64="wtkhxNER3G32FsHNNVwJAcSNvfQ="></latexit>a

• a parse tree represents a permutation equivalence class w.r.t. to derivations 
<latexit sha1_base64="9rQ6dUNxTKoXeBHd9uocQ0wuyeY="></latexit>

S ! S + S ! a+ S ! a+ S + S ! a+ a+ S ! a+ a+ a

<latexit sha1_base64="raKOzf5hYNQjE5e9aprTHL91nrI="></latexit>

S ! S + S ! S + S + S ! a+ S + S ! a+ a+ S ! a+ a+ a
<latexit sha1_base64="n3KYjPzah6JEEEvTjsptoy9r9OA="></latexit>

S ! S + S ! S + S + S ! S + a+ S ! a+ a+ S ! a+ a+ a

<latexit sha1_base64="MEQlF0vgXolHKN7RfmVdYHXZekE="></latexit>

S ! S + S ! a+ S ! a+ S + S ! a+ S + a ! a+ a+ a

<latexit sha1_base64="76kQqaXep4qeRafHFgIq2rBIteE="></latexit>...

• only 1 leftmost derivation per parse tree



(\f.\x.f(fx))(\x.x + 2)3

(\x.(\x.x + 2)((\x.x + 2)x))3

(\x.x + 2)((\x.x + 2)3)(\x.(\x.x + 2)x + 2)3 (\x.(\x.x + 2)(x+2))3

(\x.x + 2)3 + 2 (\x.x + 2)(3+2)

( 3 + 2 ) + 2

5 + 2

7

(\x.x + 2)5

(\x.( x + 2 ) + 2)3

(λf .λx .f (f x))(λx .x + 2)3 ...

• many permutations of redex contractions

The lambda-calculus 



• local confluence

The lambda-calculus 

• residuals of (underlined) redexes

<latexit sha1_base64="Zc5d6A7xcJeVHRtwUNGnl2vTOdc="></latexit>

S/R
<latexit sha1_base64="E3ZHrrsVsR4cGv9bPgfP74exuvU="></latexit>

R/S

<latexit sha1_base64="30YctyK54Q/V6BLwxq8Hq27lJrU="></latexit>

R
<latexit sha1_base64="w2jUklXyRnMrjhzCfoK22fbjj+U="></latexit>

S

<latexit sha1_base64="Af3RPeVD26OpR2F9hKatkHBt6NA="></latexit>

� = �x .x x , I = �x .xwhere

• and let R and S be two occurences of redexes in a given term. 
Then the residuals of R by S is the set          of occurences of (disjoint) redexes which 
remain of R when S is contracted.

<latexit sha1_base64="E3ZHrrsVsR4cGv9bPgfP74exuvU="></latexit>

R/S



• 2 reductions are permutation equivalent by iterating the local confluence diagram

Equivalence by permutations

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

<latexit sha1_base64="A4KHGklfDg2SM9+mdsFDlCa7hYo="></latexit>

R
<latexit sha1_base64="FyXY3f3oXNF7gDi1E/vbD26wa+4="></latexit>

S

<latexit sha1_base64="Zc5d6A7xcJeVHRtwUNGnl2vTOdc="></latexit>

S/R
<latexit sha1_base64="E3ZHrrsVsR4cGv9bPgfP74exuvU="></latexit>

R/S



Equivalence by permutations

• example
<latexit sha1_base64="afzUfxQkMniqb+qySPppOIQdfjE="></latexit>

� = �x .x x

<latexit sha1_base64="ol/l2G+tI9NTDgTq0nxU5QbfGh8="></latexit>

F = �f .f y
<latexit sha1_base64="6cM034d+Jg7BtUm6KGMTHw38rac="></latexit>

I = �x .x

<latexit sha1_base64="EovRRZ8wclwAYur8HSIo4B2QfeY="></latexit>

B = I y

<latexit sha1_base64="fnYCNigJusB1bcWqm2/diBT1vUs="></latexit>

A = F I

• counter-examples

<latexit sha1_base64="TZf7OuYtluxBBgOL1+wj8l+ZM7M="></latexit>

AA

<latexit sha1_base64="wwKQOL5XhkF80ToEbTvPw/FzJjI="></latexit>

�B

<latexit sha1_base64="dirttSZPVMo+0rCXa9dC5Nd5hOc="></latexit>

B A

<latexit sha1_base64="oWuI5cySgbT3tWVA71NIy29Yfus="></latexit>

AB
<latexit sha1_base64="qlD1tZCR8GqRLenlNjbksJYLzEs="></latexit>

B B

<latexit sha1_base64="C/A9FCCEhBCl6hdkWhJzui9zgrg="></latexit>

y A

<latexit sha1_base64="fZFBs7pkdJv0bK4Svqp8MgV2AAo="></latexit>

y B

<latexit sha1_base64="C/JKxSIgo+qWTetCNr27tiEX9MQ="></latexit>

�A

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠
<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠

<latexit sha1_base64="O0f/FIKPySd34RrLAxT9monj/3c="></latexit>

��

<latexit sha1_base64="DEKu2Qd04kpLzCHowdiSNTJbsgc="></latexit>

I (I x)

<latexit sha1_base64="hKzyYSFoXUZTB3E53hN1ztybRMU="></latexit>

I x



equivalence

permutation
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Permutation equivalence

• single-redex reduction steps
<latexit sha1_base64="CmDnMkdfZe/BVDIc4nB3GKfyJpo="></latexit>

M
R�! N

• single-redex reductions are locally confluent

<latexit sha1_base64="vS+lPpd4wHvWVRbrpwpRrtcK8ZM="></latexit>

S/R
<latexit sha1_base64="/eMaolQaQWHxdQwxFPTMcD7HZU8="></latexit>

R/S

<latexit sha1_base64="tpZVVstcV7D5vfeKRsyDUEmJUyU="></latexit>

R
<latexit sha1_base64="J+Wmxxh2V49U5YMZwVIb8yW/fMU="></latexit>

S

• residuals          of another redex S in M are disjoint redexes
<latexit sha1_base64="iXCXYr9S8dfanR5Fe4G1wqRmz3k="></latexit>

S/R

- these reductions are all cofinal (end on a same term)

- write           for any single-redex reduction     of redexes of     in any order
<latexit sha1_base64="Ff5njZYitG4pjeWwp4YeCkBVSyM="></latexit>

⇢ : F <latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F<latexit sha1_base64="j+tNuVrf5pL417s9mOdownY295w="></latexit>⇢

- let     be a set of disjoint redexes
<latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F
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Permutation equivalence

• moreover, let T  be a another redex in M

• residuals of T on both sides of the permutation are the same

<latexit sha1_base64="tta/QpHtn3Wwf3DbYs7SZlcDJ1E="></latexit>

T/(R ; (S/R)) = T/(S ; (R/S))

<latexit sha1_base64="vS+lPpd4wHvWVRbrpwpRrtcK8ZM="></latexit>

S/R
<latexit sha1_base64="/eMaolQaQWHxdQwxFPTMcD7HZU8="></latexit>

R/S

<latexit sha1_base64="tpZVVstcV7D5vfeKRsyDUEmJUyU="></latexit>

R
<latexit sha1_base64="J+Wmxxh2V49U5YMZwVIb8yW/fMU="></latexit>

S

<latexit sha1_base64="wLvhXwYQIShNJAXaPuOCJGc6/g0="></latexit>

T

<latexit sha1_base64="LOuOsJdPf5kKgzB07v/MNLg/1+k="></latexit>

T/(R t S) = T/(S t R)

the minicube lemma
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Permutation equivalence

• definition with permutations
<latexit sha1_base64="kD1KfWqFhwsssW2JDl3Od1Y7H9s="></latexit>

⇠ is the smallest equivalence relation such that:

aka parse trees 
for contex-free 
languages

<latexit sha1_base64="0W32UAdCMAc2keHdRO073TOviC4="></latexit>

(i) R t S ⇠ S t R

(ii) ⇢ ⇠ � =) ⌧ ;⇢ ;� ⇠ ⌧ ;� ;�

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

<latexit sha1_base64="A4KHGklfDg2SM9+mdsFDlCa7hYo="></latexit>

R
<latexit sha1_base64="FyXY3f3oXNF7gDi1E/vbD26wa+4="></latexit>

S

<latexit sha1_base64="Zc5d6A7xcJeVHRtwUNGnl2vTOdc="></latexit>

S/R
<latexit sha1_base64="E3ZHrrsVsR4cGv9bPgfP74exuvU="></latexit>

R/S



• a standard reduction is an outside-in left-to-right reduction strategy

• any reduction is equivalent by permutations to a unique standard reduction

! st

𝝺-calculus 𝝺-calculus with permutations

unique

29

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

st

Permutation equivalence

• standard reductions are canonical representatives in equivalence classes
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Finite developments

 finite development thm [Curry]  let     be a set of redexes in a term M
<latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F

• parallel reduction steps                  where       is a set of redexes in a given term
<latexit sha1_base64="gf05kpaeh79bUZvTQLM9vyNkmmQ="></latexit>

F
<latexit sha1_base64="RzYgoifcucd6C2/4Bkh7353/hrU="></latexit>

M
F�! N

- these reductions are all cofinal (end on a same term N )

- write                      or simply            for any development     of     
<latexit sha1_base64="Ff5njZYitG4pjeWwp4YeCkBVSyM="></latexit>

⇢ : F <latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F<latexit sha1_base64="j+tNuVrf5pL417s9mOdownY295w="></latexit>⇢
<latexit sha1_base64="plOgp77NiW2Ou3iRD4SmCN1c5ZI="></latexit>

⇢ : M
F�! N

<latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F- all reductions contracting only residuals of      have finite length

- these maximal reductions are named developments of 
<latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F

- residuals of any redex R in initial term are the same for all developments of 
<latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F

 corollary: parallel moves [Curry]

F G

G/F F/G

F G

G/F F/G

H

G/H

H/G

cube lemma
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Residual of reductions

F1

F2

GnFm

G2

G1

ρ σ

σ/ρ ρ/σ

F1

F2

Gn
Fm

G2

G1

H1
H2

Hp

⌧/(⇢ t �) = ⌧/(� t ⇢)
 cube lemma +parallel moves +

⇢ t � and � t ⇢ are cofinal
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Permutation equivalence

F1

F2

GnFm

G2

G1

σ

ρ/σσ/ρ

∅
∅

∅
∅

∅

∅
∅

∅

ρ

permutation equivalence (revisited)
<latexit sha1_base64="QooLo6U5LI3L2hl0e4+DX/Qnmhc="></latexit>

Let ⇢ and � be coinitial reductions.
<latexit sha1_base64="qxXaPm18HDFfHDgTshbxamQFwsY="></latexit>

Then ⇢ ⇠ � i↵ ⇢/� = ;m and �/⇢ = ;n

exercise Test previous example and counterexamples for permutation equivalence

<latexit sha1_base64="4P5gdZmNQTGF0lT4IwPZMuOXFwk="></latexit>�<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠<latexit sha1_base64="f2Z4VWhg0mGoCHH3rA4MHEYPDgI="></latexit>⇢
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Prefix modulo permutations

<latexit sha1_base64="4P5gdZmNQTGF0lT4IwPZMuOXFwk="></latexit>�
<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

<latexit sha1_base64="f2Z4VWhg0mGoCHH3rA4MHEYPDgI="></latexit>⇢

exercise 
<latexit sha1_base64="USo3TX8EOmy2bVBq6pwT5bTGL3o="></latexit>

Prove ⇢  � i↵ 9⌧ , ⇢ ; ⌧ ⇠ �

F1

F2

GnFm

G2

G1

σ

ρ/σσ/ρ

∅
∅

∅
∅

ρ

<latexit sha1_base64="QooLo6U5LI3L2hl0e4+DX/Qnmhc="></latexit>

Let ⇢ and � be coinitial reductions.prefix modulo permutations
<latexit sha1_base64="tI6wO2o8L/dstL71RgV09VwpGzo="></latexit>

Then ⇢  � i↵ ⇢/� = ;m
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Prefix modulo permutations

lattice of prefix modulo permutations

<latexit sha1_base64="oY2xKbnZeJHIY09SBrRxEMlA/0Y="></latexit>

(ωy .I bx)z
<latexit sha1_base64="k19LIM6D+PEuI3jnG1lzNw1K9p8="></latexit>

I a((ωy .x)z)

<latexit sha1_base64="mhH9KZ9uEl1iSNRVlsC+DMuP/dE="></latexit>

(ωy .x)z
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Prefix modulo permutations

lattice of prefix modulo permutations

<latexit sha1_base64="4P5gdZmNQTGF0lT4IwPZMuOXFwk="></latexit>�

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

<latexit sha1_base64="f2Z4VWhg0mGoCHH3rA4MHEYPDgI="></latexit>⇢
<latexit sha1_base64="mjTnA776rm2N32WaORVo3/pMxvs="></latexit>⌧

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠ <latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠
<latexit sha1_base64="PvwPtaq3cZGciR838NtW0s5H3gU="></latexit>

⇢ t �

unique
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Easy lemmas

properties of permutations

proof

<latexit sha1_base64="1gi6YDL2NRFICk47xUbSqjXZYxY="></latexit>

(i) ⇢ ⇠ � () 8⌧ . ⌧/⇢ = ⌧/�

(ii) ⇢ ⇠ � () ⇢/⌧ ⇠ �/⌧

(iii) ⇢ ⇠ � () ⌧ ;⇢ ⇠ ⌧ ;�

(iv) ⇢ ⇠ � () ⇢ ;⌧ ⇠ � ;⌧

(v) ⇢ t � ⇠ � t ⇢
<latexit sha1_base64="CkBrAhiWwvcJpCPG+lkXpWWAA7U="></latexit>ω

<latexit sha1_base64="R7Fn5xdB7vAQAUFLjcqV7mrWYAg="></latexit>ω

<latexit sha1_base64="mhQBUoisfjZPc86oSzOIxImyYxE="></latexit>ω

<latexit sha1_base64="ErvmAHVtcprIq1H4kwFr16xDO84="></latexit>

ω/ε
<latexit sha1_base64="O0O+P47y9wivII7hlLsiaHp1GTE="></latexit>

ω/ε

<latexit sha1_base64="SyfYAne7RLu3owl+QH+5xBcoe/A="></latexit>

(i) ω → ε =↑ ε/ω = ↓n and ω/ε = ↓m
Thus ϑ/(ω ↔ ε) = ϑ/(ω ; (ε/ω)) = ϑ/ω/(ε/ω) = ϑ/ω/↓n = ϑ/ω
Similarly ϑ/(ε ↔ ϑ) = ϑ/ε
By cube lemma ϑ/ω = ϑ/ε
Conversely, take ϑ = ω and ϑ = ε
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Easy lemmas

properties of prefixes modulo permutations
<latexit sha1_base64="vpxAgBdn3n4mXHmlZWmh+0Q46Pg="></latexit>

(i) ⇢  �  ⇢ () ⇢ ⇠ �

(ii) ⇢  �  ⌧ =) ⇢  ⌧

(iii) ⇢  ⇢ t � and �  ⇢ t �

(iv) ⇢  ⌧ and �  ⌧ =) ⇢ t �  ⌧

(v) ⇢  � () ⌧ ;⇢  ⌧ ;�

proof
<latexit sha1_base64="CkBrAhiWwvcJpCPG+lkXpWWAA7U="></latexit>ω

<latexit sha1_base64="R7Fn5xdB7vAQAUFLjcqV7mrWYAg="></latexit>ω

<latexit sha1_base64="mhQBUoisfjZPc86oSzOIxImyYxE="></latexit>ω

<latexit sha1_base64="QFIP++GvbfV1FFbXCyJVrjn3hn8="></latexit>

ω/ε

<latexit sha1_base64="mN9fSKtStDTMY9AmlQtLy9EfCE8="></latexit>

ω/ε

<latexit sha1_base64="Kjm6kRJC97zK6+taxnx5SPmjTUE="></latexit>

ω → ε and ϑ → ε =↑ ω ↓ ϑ → ε

history: the terminology "equivalence by permutations" is due to [Gérard Berry] 

[my initial definition was with residual of reductions]



history

redex and
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Initial motivation (bis)

• call-by-need is call-by-name with sharing to avoid duplications

• what is duplication ?

39

• duplication along reductions already performed

• so duplication should take care of history of reductions



Redex & history
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h-redex (definition)
<latexit sha1_base64="wTljYXp1AdWYcMwnfyEtjGrkJ3E="></latexit>

h⇢,Ri when    is a redex in final term of <latexit sha1_base64="gi7DUmhsLQmP7L9Yl7hnC+T9yac="></latexit>⇢
<latexit sha1_base64="7odgnYt5aR9RaLn6WzaCoFP6lZw="></latexit>

R

<latexit sha1_base64="4P5gdZmNQTGF0lT4IwPZMuOXFwk="></latexit>�
<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

<latexit sha1_base64="f2Z4VWhg0mGoCHH3rA4MHEYPDgI="></latexit>⇢

<latexit sha1_base64="mjTnA776rm2N32WaORVo3/pMxvs="></latexit>⌧

<latexit sha1_base64="30YctyK54Q/V6BLwxq8Hq27lJrU="></latexit>

R

<latexit sha1_base64="0NEfcZQNlsOMCszSSOG12+WBLjI="></latexit>

S 2 R/⌧

residual of h-redex
<latexit sha1_base64="fpJ/GG+f545EbSQp8sI8mF/ZKvE="></latexit>

h⇢,Ri . h�, Si if there is     such that <latexit sha1_base64="/WE46JvCPvSaUjiYjWNti4mnCdA="></latexit>⌧
<latexit sha1_base64="OSbvYQ6LaDv2OCQUPqUlmcKMyC8="></latexit>

ω; ε → ϑ ↑ S ↓ R/ε
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• properties of residuals of h-redexes

• residuals of h-redexes are consistent with permutation equivalence

<latexit sha1_base64="lO3VkR5TuzhmET4AjUtX2XSeMHQ="></latexit>

(i) h⇢,Ri . h�, Si () ⇢  � ^ S 2 R/(�/⇢)

(ii) h⇢,Ri . h⇢,Ri

(iii) h⇢,Ri . h�, Si . h⇢,Ri () ⇢ ⇠ � ^ R = S

(iv) h⇢,Ri . h�, Si . h⌧ ,T i =) h⇢,Ri . h⌧ ,T i

(v) h⇢,Ri . h⌧ ,T i ^ ⇢  �  ⌧ =) 9!S , h⇢,Ri . h�, Si . h⌧ ,T i

(vi) h⇢,Ri . h�, Si () h⌧;⇢, Ri . h⌧;�, Si

Residuals modulo permutations

interpolation

consistency with  
permutation equivalence



Duplication complete reductions
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• a reduction step          is duplication complete if     is a maximal set of h-redexes  
residuals of a single h-redex 

<latexit sha1_base64="KUlSyDua9eQLK/6WhRGfmeEpnyc="></latexit> F�!
<latexit sha1_base64="gf05kpaeh79bUZvTQLM9vyNkmmQ="></latexit>

F

<latexit sha1_base64="UqZRUWAEOby6aatUXR4fhWSIBAQ="></latexit>

F = S/⌧

<latexit sha1_base64="4P5gdZmNQTGF0lT4IwPZMuOXFwk="></latexit>�

<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠
<latexit sha1_base64="f2Z4VWhg0mGoCHH3rA4MHEYPDgI="></latexit>⇢

<latexit sha1_base64="mjTnA776rm2N32WaORVo3/pMxvs="></latexit>⌧
<latexit sha1_base64="gf05kpaeh79bUZvTQLM9vyNkmmQ="></latexit>

F

<latexit sha1_base64="T38W0JRl6JMgID6m8ianUtobT9I="></latexit>

S

residuals of S 
by <latexit sha1_base64="nTtc+rxI1eXVcQtze9ELMWt5Y/w="></latexit>⌧

• but how to find the            h-redex ?
<latexit sha1_base64="NxI2q/H68d9s80MrXQxSC7fDpv0="></latexit>

h�, Si

Goal [optimality thm] leftmost-outermost d-complete reductions are optimal 
in their number of reduction steps



calculus

labeled
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The labeled 𝝺-calculus

• labeled 𝝺-calculus 
<latexit sha1_base64="U8woxCFQmWc7yctEimjonydtCm8="></latexit>

M,N, ... ::= x | MN | �x .M | M↵

<latexit sha1_base64="vRYcU6QW9LLYvQHpKv7tYzpPQVA="></latexit>

M↵{x := N} = M{x := N}↵

<latexit sha1_base64="AKZ6Yj4utqaWLq/jlGmF4EX5CwE="></latexit>

(M↵)� = M↵�

<latexit sha1_base64="YMpsD0zVTN/OQYNFG0HrZww/h3E="></latexit>

(�x .M)↵N ! M{x := Nb↵c}d↵e

44

• labels over alphabet
<latexit sha1_base64="eqX0FpUUFMsY2vZV9sKQ0XStHY8="></latexit>

A = {a, b, c , · · · }
<latexit sha1_base64="PsHMhznDtK/69LD8kI7BbBkr+z8="></latexit>

↵,� ::= a | ↵� | d↵e | b↵c

atomic

compound new atomic names (overlined, underlined)



The labeled 𝝺-calculus

• their labeled 𝝺-calculus [Asperti-Laneve] 

• again an alphabet of atomic labels
<latexit sha1_base64="eqX0FpUUFMsY2vZV9sKQ0XStHY8="></latexit>

A = {a, b, c , · · · }

45

<latexit sha1_base64="5kRenqhzqZdrjyBpAEBrgKHs3gE="></latexit>

M,N, ... ::= x | MN | �x .M | a :M

<latexit sha1_base64="4M4MAs0dt6RTYCspO7GbHL4xoEs="></latexit>

(a :M){x := N} = a :M{x := N}

• correspondence with paths in initial term

<latexit sha1_base64="8porP9YIY9U4UVSDdzo0IMIdr7I="></latexit>

(a1 : a2 : · · · an :�x .M)N ! a1 : a2 : · · · an :M{x := an : an�1 : · · · a1 :N}



N�x

x

M

x

M

NN

<latexit sha1_base64="uRenFuAfq6aCK4+H679dNImycvw="></latexit>↵

<latexit sha1_base64="WTMjiNb94ve5DIUSQff+z9/RkqA="></latexit>

d↵e

<latexit sha1_base64="JT94C7DVTBLA07YSwd4Lo5uvGi8="></latexit>

b↵c
<latexit sha1_base64="JT94C7DVTBLA07YSwd4Lo5uvGi8="></latexit>

b↵c

The labeled 𝝺-calculus
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• Let 

• the name of a redex be the label of its function part 

• the name of a redex gives its origin

• residuals of a redex keep their names

• created new redexes strictly contain the names of their creators

The labeled 𝝺-calculus

<latexit sha1_base64="gp6uwcVVm0FxWjl68yixDGFWDRI="></latexit>

name( (�x .M)↵N ) = ↵

<latexit sha1_base64="TLtu23NqfiIcnZ+SQkbSNknIpVg="></latexit>

� = �x .xx , �1 = bac, �2 = �1b�1c
<latexit sha1_base64="vVEDwPrsSX3h7YCsrjPvvLtuCvQ="></latexit>

�a � ! (��1��1)dae ! (��2��2)d�1edae ! · · ·
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The labeled 𝝺-calculus

<latexit sha1_base64="bpJ8ukAquOLIzoGaR/ke/SMllIs="></latexit>

⌦= �a �e

! ⌦1 = (��1 ��1)bdae �1 = ebacc �1 = ebacd
! ⌦2 = (��2 ��2)f d�1ebdae �2 = �1b�1cg �2 = �1b�1ch
! ⌦3 = (��3 ��3)f d�2ef d�1ebdae �3 = �2b�2cg �3 = �2b�2ch
! · · ·

• An example:
<latexit sha1_base64="ms49mcGMwhbNSI3oSrFq5mb7yZI="></latexit>

� = �x .(xc xd)b, � = �x .(xg xh)f

• or simpler with partial labels:
<latexit sha1_base64="gpDj1RaMo4Ryss/gkjnpx/cBbXw="></latexit>

� = �x .x x

<latexit sha1_base64="RmI/fJ4RGqgPPuY2To+WLTwew4o="></latexit>

⌦= �a �

! ⌦1 = (��1 ��1)dae �1 = bac
! ⌦2 = (��2 ��2)d�1edae �2 = �1b�1c
! ⌦3 = (��3 ��3)d�2ed�1edae �3 = �2b�2c
! · · ·

48



• the labeled calculus is confluent

• unique normal form when exists

• the standard 𝝺-calculus can be seen as an infinite limit of finite labeled-calculi

The labeled 𝝺-calculus

• the labeled calculus is strongly normalizable when reduction is restricted to 

a finite set of redex names

49

[ Generalized Finite Developments thm ]



The labeled 𝝺-calculus

<latexit sha1_base64="vu3sMY6uTwAHEX81M1qltrgH5KQ="></latexit>

I = �x .xv

<latexit sha1_base64="4/F5b1KYpkWi09Uv12WWUx0yPmU="></latexit>

� = �x .(xcxd)b

<latexit sha1_base64="M3uVlEBqyI0ciLlNHKkJ/IuTUPg="></latexit>

F = �f .(f k y `) j

<latexit sha1_base64="KDJBXXc0779CxptSiRdyKDvVqBE="></latexit>

A = (F i I u)q

<latexit sha1_base64="ZtfLB0ymaiPyPEmupU5f1+DBKyo="></latexit>

B = (I � y `)q

<latexit sha1_base64="U7D5Go4rm8dVI6/07ev8in+++60="></latexit>

C = y `b�cvd�eq

<latexit sha1_base64="TV2e5Uz0hCtbOyzca2ptSsm2SFk="></latexit>

� = ubick

<latexit sha1_base64="WW8eb/8chMa/ij6d5xun+88GjGg="></latexit>

�a A

<latexit sha1_base64="QeD+juNtrZGWMlj1XbzK+msLXVU="></latexit>

�a B

<latexit sha1_base64="kWUc/i2uM2Dldj5UDls02wOCHqE="></latexit>

�a C

<latexit sha1_base64="nmYjRpNqclJgQwqn19X6z7uSmYo="></latexit>

(Abacc Abacd)bdae

<latexit sha1_base64="RLnA4ZfBkIfFPpgUH3+hGUOcS54="></latexit>

(Abacc Bbacd)bdae
<latexit sha1_base64="EvFoCaSDv3HHggr5+sfPSiWml2E="></latexit>

(Bbacc Abacd)bdae

<latexit sha1_base64="/RoltjHby+MBDOnFwWoGAv8gBU8="></latexit>

(Bbacc Bbacd)bdae <latexit sha1_base64="7IGkyiEhaqhvvvnaa9khBZqAA5g="></latexit>

(Abacc C bacd)bdae
<latexit sha1_base64="zHq1e4Bc1Tsx0BNudtM4iBwGj2c="></latexit>

(C bacc Abacd)bdae

<latexit sha1_base64="hMFgYBncnZmj+EuUBjAxXn9Bjj8="></latexit>

(C bacc Bbacd)bdae
<latexit sha1_base64="5nNU/HYQaeuQ8SzXSFYBSpufwMg="></latexit>

(Bbacc C bacd)bdae

<latexit sha1_base64="JfyOrqAa5+j3fV0BLZBhPEtpnRw="></latexit>

(C bacc C bacd)bdae

confluence
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<latexit sha1_base64="t9fJUGaQJasN3/daUvYIy8keJJI="></latexit>a

<latexit sha1_base64="h7L92cz5lBQSubDMeq/OVW8HBG4="></latexit>a

<latexit sha1_base64="h7L92cz5lBQSubDMeq/OVW8HBG4="></latexit>a

<latexit sha1_base64="h7L92cz5lBQSubDMeq/OVW8HBG4="></latexit>a

<latexit sha1_base64="GRl8L0F5sdiLsv5+USWQgzJTdOU="></latexit>

i

<latexit sha1_base64="GRl8L0F5sdiLsv5+USWQgzJTdOU="></latexit>

i

<latexit sha1_base64="GRl8L0F5sdiLsv5+USWQgzJTdOU="></latexit>

i

<latexit sha1_base64="GRl8L0F5sdiLsv5+USWQgzJTdOU="></latexit>

i

<latexit sha1_base64="GRl8L0F5sdiLsv5+USWQgzJTdOU="></latexit>

i

<latexit sha1_base64="GRl8L0F5sdiLsv5+USWQgzJTdOU="></latexit>

i
<latexit sha1_base64="xcBgyUvCpYSavtBESJ5FTkHzFaw="></latexit>ω

<latexit sha1_base64="xcBgyUvCpYSavtBESJ5FTkHzFaw="></latexit>ω

<latexit sha1_base64="xcBgyUvCpYSavtBESJ5FTkHzFaw="></latexit>ω

<latexit sha1_base64="xcBgyUvCpYSavtBESJ5FTkHzFaw="></latexit>ω

<latexit sha1_base64="GRl8L0F5sdiLsv5+USWQgzJTdOU="></latexit>

i

<latexit sha1_base64="xcBgyUvCpYSavtBESJ5FTkHzFaw="></latexit>ω

<latexit sha1_base64="xcBgyUvCpYSavtBESJ5FTkHzFaw="></latexit>ω

<latexit sha1_base64="xcBgyUvCpYSavtBESJ5FTkHzFaw="></latexit>ω



The labeled 𝝺-calculus

<latexit sha1_base64="cMYlx3Ep9IjalMmlYDwh5Lu0rA4="></latexit>

K = �x .(�y .xn)m
<latexit sha1_base64="T6DSiUljWA3AYT4MNZwGsuFrgPw="></latexit>

� = pb`cn
<latexit sha1_base64="r1L8Y2sf/QArRFF84QM+xYdl7Og="></latexit>

 = md`eq
<latexit sha1_base64="Qfs4a/FJXxjJ1zaUBaxkeRoesHg="></latexit>

((�y .x�) ⌦1

<latexit sha1_base64="mty7AglZ1+QRQJxIyC0Ss92g4XE="></latexit>

((�y .x�) ⌦2

<latexit sha1_base64="a4fLK/zB+NhJ5krMsi4ednwGMwI="></latexit>

((�y .x�) ⌦3

<latexit sha1_base64="ncid68ooMPHi9pIKasyK2Ersw9c="></latexit>

((K ` xp)q ⌦

<latexit sha1_base64="7X94aakJMZjpBsH4J6OhZ6fLb+w="></latexit>

((�y .x�) ⌦

<latexit sha1_base64="CCYEVgR7lQzcBbvnh4G55+KL7Oc="></latexit>

((K ` xp)q ⌦1

<latexit sha1_base64="Jd5lRWXtcvBa5GqS+kPhBkGEebo="></latexit>

((K ` xp)q ⌦2

<latexit sha1_base64="zSiPI7b5Lz0KvqHXwDNSPBp5h2A="></latexit>

((K ` xp)q ⌦3

<latexit sha1_base64="vLxRaqpdWX3NH1Zo20GvOUg+qdU="></latexit>

x�d e

<latexit sha1_base64="TnVv+Xwwm9TtmJIJ/BAH6X7wFXs="></latexit>�1

<latexit sha1_base64="flmirOpf8S5KVcXcVns/NbGOEXs="></latexit>�3

<latexit sha1_base64="Pf6VfaW4QCv2ICcrlhki3PH62w8="></latexit>a<latexit sha1_base64="Lds1oaYwxZJCboAlLmtR+JkHCs4="></latexit>

`

<latexit sha1_base64="oi2/p1nPpDO/LROFtrW4V2nqn8k="></latexit>

 

<latexit sha1_base64="FOD5jRjhuFiY4IxlJQM1ibRYrWM="></latexit>�2

<latexit sha1_base64="Lds1oaYwxZJCboAlLmtR+JkHCs4="></latexit>

`

<latexit sha1_base64="Lds1oaYwxZJCboAlLmtR+JkHCs4="></latexit>

`

<latexit sha1_base64="Lds1oaYwxZJCboAlLmtR+JkHCs4="></latexit>

`

<latexit sha1_base64="TnVv+Xwwm9TtmJIJ/BAH6X7wFXs="></latexit>�1

<latexit sha1_base64="FOD5jRjhuFiY4IxlJQM1ibRYrWM="></latexit>�2

<latexit sha1_base64="flmirOpf8S5KVcXcVns/NbGOEXs="></latexit>�3

<latexit sha1_base64="Pf6VfaW4QCv2ICcrlhki3PH62w8="></latexit>a

<latexit sha1_base64="oi2/p1nPpDO/LROFtrW4V2nqn8k="></latexit>

 
<latexit sha1_base64="oi2/p1nPpDO/LROFtrW4V2nqn8k="></latexit>

 
<latexit sha1_base64="oi2/p1nPpDO/LROFtrW4V2nqn8k="></latexit>

 

<latexit sha1_base64="J1GIkw4uPrBXFu9JFe0XeuZGR9w="></latexit>

{`, a}
<latexit sha1_base64="EY14C2S9USwboZfJdnnffHLvIvw="></latexit>

{`, a, }
<latexit sha1_base64="7kAkJzpQmpzWBfeDdmHA8VgEO2w="></latexit>

{`, a, , �1}
<latexit sha1_base64="veRogqqkG4RYFQBnRmy96kx4ouI="></latexit>

{`, a, , �1, �2}

strong normalization
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creates
↵

(�x . · · · (x� N) · · · )↵ (�y .M)� · · · ((�y .M)�b↵c� N 0) · · ·

�b↵c�

creates
↵ �d↵e�

creates
↵

((�x . x�)↵ (�y .M)�)� N (�y .M)�b↵c�d↵e�N

�b↵c�d↵e�

((�x .(�y .M)�)↵N)� P (�y .M 0)�d↵e�P

The labeled 𝝺-calculus

origin
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The labeled 𝝺-calculus

<latexit sha1_base64="rYvMRFiCPZIZSXaUo7/tHd61e6A="></latexit>

I (I x)

<latexit sha1_base64="TVDuif7hnr3im8A5AZwRt5yDALc="></latexit>

I x
<latexit sha1_base64="1LXSH5nOYEpU010juhbLeyeG3/o="></latexit>

(�y .x) z

<latexit sha1_base64="N4x4ZFNai++Tu00P2CDPGn2q1iU="></latexit>x

<latexit sha1_base64="xLLi1mB1+P8JgnEUWY43svgLv7c="></latexit>

(�y .I x) z
<latexit sha1_base64="BTFescs69anyJaJ1uevhqy4jBJg="></latexit>

I ((�y .x) z)

<latexit sha1_base64="QufdtrVSyVFiCIaoEvtXoH89Ghc="></latexit>

I ((�y .I x) z)

<latexit sha1_base64="6cM034d+Jg7BtUm6KGMTHw38rac="></latexit>

I = �x .x

<latexit sha1_base64="9iYWSW1yQ8TrcXq96Qq7gLsVnJ8="></latexit>

� = dce

<latexit sha1_base64="/7eb5t6UuMrUZo7nIMLd18l+MXE="></latexit>

↵ = bacdae
<latexit sha1_base64="306E95WxlS9Cebhwo3NIt/NIAa0="></latexit>

� = bbcdbe

<latexit sha1_base64="P6nRiHnXoIQ83x3vm+DA/wFv4jc="></latexit>

I a((�y .I bx)cz)

<latexit sha1_base64="TVSudffiQZcdHepTbyjyevXK6I0="></latexit>

I a((�y .x�)cz)

<latexit sha1_base64="1e59KPUvRnnddAVIMbb7s+m3oyE="></latexit>

((�y .x�)cz)↵

<latexit sha1_base64="q7HDV7/LOnpvMpX/jCF1+LP+CwI="></latexit>

((�y .I bx)cz)↵
<latexit sha1_base64="t1yGeDOPgWZRfIBoK81BowGUCU4="></latexit>

I a(I bx)�

<latexit sha1_base64="q+yLabfET0qbuwkqoYXIFPb+PaU="></latexit>

x��↵

<latexit sha1_base64="6MliszQwe3qA2aR1ZSS3QtUBEpE="></latexit>

I ax��
<latexit sha1_base64="2NCLQlx2ucl3P4jEbMbfvIM92v0="></latexit>

(I bx)�↵

lattice
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The labeled 𝝺-calculus

• a standard reduction is an outside-in left-to-right reduction strategy

• any reduction can be reordered in a standard reduction [Curry 1958]

st ! st

𝝺-calculus labeled 𝝺-calculus

unique
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Permutation equivalence

•       corresponds to the coinitial / cofinal reductions of the labeled 𝝺-calculus <latexit sha1_base64="rQWDMUQBCiB89CKxqjXBi3neOZ0="></latexit>⇠

<latexit sha1_base64="4yVA8hKIXfPf5o+RKXQLApIdl/E="></latexit>

| . |
<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

𝝺-calculus labeled 𝝺-calculus

<latexit sha1_base64="6yoQOD/Sh4h6ms+/AX1KNk+M8MQ="></latexit>

⇢0<latexit sha1_base64="T188jV6jYN2ZDWS59Uj8X05ppDo="></latexit>⇢
<latexit sha1_base64="yDYbieVnx2UT8nte7LimGkEBjSQ="></latexit>

�0<latexit sha1_base64="p+B8pGCh/gWUmtkVhL+7RDCtqXo="></latexit>�

<latexit sha1_base64="0rUiUzTqOKQFdQMyoVK3jK94IBY="></latexit>

org(⇢0) = org(�0)
<latexit sha1_base64="JqLLYrg12n+eLWLTpIidJmcEEEA="></latexit>

end(⇢0) = end(�0)

<latexit sha1_base64="ZVUtvXYoFhkdb3CmdmX7xnpmDHw="></latexit>⇢ ⇠ �
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•       corresponds to reductions of the labeled 𝝺-calculus 
<latexit sha1_base64="w1hS4xnLZNvgmxbTQL2UW470KTI="></latexit>

Prefix modulo permutations

<latexit sha1_base64="4yVA8hKIXfPf5o+RKXQLApIdl/E="></latexit>

| . |

𝝺-calculus labeled 𝝺-calculus
<latexit sha1_base64="smchBGChOhS6GW54IIepsGjtjKw="></latexit>

⇢  �

<latexit sha1_base64="4P5gdZmNQTGF0lT4IwPZMuOXFwk="></latexit>�
<latexit sha1_base64="LHawT3mLh/81FQURfyO4y+4LV2A="></latexit>⇠

<latexit sha1_base64="f2Z4VWhg0mGoCHH3rA4MHEYPDgI="></latexit>⇢
<latexit sha1_base64="ZPFQdjvI8SV/zymvFipbPix73ZI="></latexit>

⇢0

<latexit sha1_base64="qwZVL4XAbJv/YEZlQRHkO1k1ydI="></latexit>

�0

<latexit sha1_base64="VKLHQJADieIskrS5cudWxGQYyQ8="></latexit>

end(⇢0) ⇣ end(�0)

<latexit sha1_base64="0rUiUzTqOKQFdQMyoVK3jK94IBY="></latexit>

org(⇢0) = org(�0)



families

redex
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• residuals of h-redexes correspond to names of redexes in :

<latexit sha1_base64="KDJBXXc0779CxptSiRdyKDvVqBE="></latexit>

A = (F i I u)q

<latexit sha1_base64="ZtfLB0ymaiPyPEmupU5f1+DBKyo="></latexit>

B = (I � y `)q

<latexit sha1_base64="U7D5Go4rm8dVI6/07ev8in+++60="></latexit>

C = y `b�cvd�eq
<latexit sha1_base64="vu3sMY6uTwAHEX81M1qltrgH5KQ="></latexit>

I = �x .xv

<latexit sha1_base64="4/F5b1KYpkWi09Uv12WWUx0yPmU="></latexit>

� = �x .(xcxd)b

<latexit sha1_base64="M3uVlEBqyI0ciLlNHKkJ/IuTUPg="></latexit>

F = �f .(f k y `) j

<latexit sha1_base64="P6nRiHnXoIQ83x3vm+DA/wFv4jc="></latexit>

I a((�y .I bx)cz)

<latexit sha1_base64="TVSudffiQZcdHepTbyjyevXK6I0="></latexit>

I a((�y .x�)cz)

<latexit sha1_base64="1e59KPUvRnnddAVIMbb7s+m3oyE="></latexit>

((�y .x�)cz)↵

<latexit sha1_base64="q7HDV7/LOnpvMpX/jCF1+LP+CwI="></latexit>

((�y .I bx)cz)↵
<latexit sha1_base64="t1yGeDOPgWZRfIBoK81BowGUCU4="></latexit>

I a(I bx)�

<latexit sha1_base64="q+yLabfET0qbuwkqoYXIFPb+PaU="></latexit>

x��↵

<latexit sha1_base64="6MliszQwe3qA2aR1ZSS3QtUBEpE="></latexit>

I ax��
<latexit sha1_base64="2NCLQlx2ucl3P4jEbMbfvIM92v0="></latexit>

(I bx)�↵

<latexit sha1_base64="WW8eb/8chMa/ij6d5xun+88GjGg="></latexit>

�a A

<latexit sha1_base64="QeD+juNtrZGWMlj1XbzK+msLXVU="></latexit>

�a B

<latexit sha1_base64="kWUc/i2uM2Dldj5UDls02wOCHqE="></latexit>

�a C

<latexit sha1_base64="nmYjRpNqclJgQwqn19X6z7uSmYo="></latexit>

(Abacc Abacd)bdae

<latexit sha1_base64="RLnA4ZfBkIfFPpgUH3+hGUOcS54="></latexit>

(Abacc Bbacd)bdae
<latexit sha1_base64="EvFoCaSDv3HHggr5+sfPSiWml2E="></latexit>

(Bbacc Abacd)bdae

<latexit sha1_base64="/RoltjHby+MBDOnFwWoGAv8gBU8="></latexit>

(Bbacc Bbacd)bdae <latexit sha1_base64="7IGkyiEhaqhvvvnaa9khBZqAA5g="></latexit>

(Abacc C bacd)bdae
<latexit sha1_base64="zHq1e4Bc1Tsx0BNudtM4iBwGj2c="></latexit>

(C bacc Abacd)bdae

<latexit sha1_base64="hMFgYBncnZmj+EuUBjAxXn9Bjj8="></latexit>

(C bacc Bbacd)bdae
<latexit sha1_base64="5nNU/HYQaeuQ8SzXSFYBSpufwMg="></latexit>

(Bbacc C bacd)bdae

<latexit sha1_base64="JfyOrqAa5+j3fV0BLZBhPEtpnRw="></latexit>

(C bacc C bacd)bdae

Residuals modulo permutations

<latexit sha1_base64="vbI8tIHtoPGLq9Gi4Bl8Q4qQQSA="></latexit>

ω = →a↑

<latexit sha1_base64="No7T3XypWzji11M+jz09wWNpARE="></latexit>

ω = →c↑

<latexit sha1_base64="d4HgGxehLlBwwQI7c8gRbM391oU="></latexit>

ω = →b↑
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 family relation       between h-redexes is defined by :<latexit sha1_base64="XQNn/jWCpcrWWoCC13P7Z7F9tH4="></latexit>'

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠<latexit sha1_base64="BcofuApEKmI0AEYZIiFGab3KNwQ="></latexit>

R

<latexit sha1_base64="6TDfm7USIMRiAWUTk+7t7Bi8FbM="></latexit>⇢ <latexit sha1_base64="+UfL7nWHODMFc4waoH0l8Hywkg4="></latexit>�

<latexit sha1_base64="w6Y3IwVm7GTqPUgsF0ncAnbHP7A="></latexit>

S

• symmetric + transitive closure of residuals modulo permutations

Redex families

<latexit sha1_base64="cv50y4b0UciAh930aXSJBgfnq9c="></latexit>

(i) h⇢,Ri . h�, Si =) h⇢,Ri ' h�, Si ' h⇢,Ri

(ii) h⇢,Ri ' h�, Si ' h⌧ ,T i =) h⇢,Ri ' h⌧ ,T i
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Redex families

• from now on, we only consider standard reductions

• then the extraction relation      on h-redexes is defined as follows<latexit sha1_base64="4WNOlyIrvn7SfNQq+6iJRseYlJA="></latexit>/

<latexit sha1_base64="KlzLa8pG6E5Es7tsZlDQotBx6T8="></latexit>

(i) ho,Ri / ho,Ri

(ii) h⇢,Ri / h�, Si =) h⇢0,R 0i / hH;�, Si

where              is defined by cases analysis on     w.r.t.  
<latexit sha1_base64="g/5n6yQX3VEETDO1AS843tptvU8="></latexit>

h⇢0,R 0i <latexit sha1_base64="Hdku2YixMKtbNLHGpfjJSeZSpVE="></latexit>⇢
<latexit sha1_base64="DLruftIqH4zEOPeciJ420QxPCk4="></latexit>

H
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Redex families
• Case 1:      is in body of H or disjoint to the right of the contractum of H<latexit sha1_base64="Yrc6zBTsynrfK+sznO88W5dVcf4="></latexit>⇢

then      is isomorphic to    <latexit sha1_base64="Hdku2YixMKtbNLHGpfjJSeZSpVE="></latexit>⇢
<latexit sha1_base64="eU3/7S01bVJ4s56FByMnvHNT/IA="></latexit>

⇢0

<latexit sha1_base64="G1BovzPrKs9Zm1Eu7HEfpdOATzs="></latexit>

H

<latexit sha1_base64="Yrc6zBTsynrfK+sznO88W5dVcf4="></latexit>⇢

<latexit sha1_base64="DFSc9O74Biectam7Lxjni8GKApQ="></latexit>

⇢0

<latexit sha1_base64="KS7vE7ePO5b2t3UjX+b9zvQbg+U="></latexit>

R

<latexit sha1_base64="BbdBveR06ul5X82Ndt2Au/4Z85k="></latexit>

R 0

<latexit sha1_base64="TnQddKwm8Hqsz+yB2RTx0ojlksw="></latexit>

H
0
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Redex families
• Case 2:     is internal to an instance of a copy of  the argument of H<latexit sha1_base64="Yrc6zBTsynrfK+sznO88W5dVcf4="></latexit>⇢

then      is isomorphic to     in the argument of H    <latexit sha1_base64="Hdku2YixMKtbNLHGpfjJSeZSpVE="></latexit>⇢
<latexit sha1_base64="eU3/7S01bVJ4s56FByMnvHNT/IA="></latexit>

⇢0

<latexit sha1_base64="BbdBveR06ul5X82Ndt2Au/4Z85k="></latexit>

R 0

<latexit sha1_base64="KS7vE7ePO5b2t3UjX+b9zvQbg+U="></latexit>

R

<latexit sha1_base64="G1BovzPrKs9Zm1Eu7HEfpdOATzs="></latexit>

H

<latexit sha1_base64="Yrc6zBTsynrfK+sznO88W5dVcf4="></latexit>⇢

<latexit sha1_base64="DFSc9O74Biectam7Lxjni8GKApQ="></latexit>

⇢0

<latexit sha1_base64="KS7vE7ePO5b2t3UjX+b9zvQbg+U="></latexit>

R
<latexit sha1_base64="Xj3ipqIOdrmKRcIAtmkgRv1xiE4="></latexit>

?

<latexit sha1_base64="f/Aq0cPMGhoqvBthNS3wv9csbHk="></latexit>⇢//H
<latexit sha1_base64="sFJm6LD09SiTRLs1VkfV5L1I+Lk="></latexit>

H
0

<latexit sha1_base64="1Xaxs1ODvwcPGSxbwGaALa3hRD0="></latexit>

⇢ parellized by H
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Redex families
• Otherwise ( H necessary for R )

<latexit sha1_base64="KS7vE7ePO5b2t3UjX+b9zvQbg+U="></latexit>

R

<latexit sha1_base64="G1BovzPrKs9Zm1Eu7HEfpdOATzs="></latexit>

H

<latexit sha1_base64="Yrc6zBTsynrfK+sznO88W5dVcf4="></latexit>⇢

<latexit sha1_base64="Yr564PLnuTS/TKvJCLzzIaVuwm0="></latexit>

⇢0 = H; ⇢ ^ R
0 = R



Redex families
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canonical representative 

<latexit sha1_base64="WW8eb/8chMa/ij6d5xun+88GjGg="></latexit>

�a A

<latexit sha1_base64="QeD+juNtrZGWMlj1XbzK+msLXVU="></latexit>

�a B

<latexit sha1_base64="kWUc/i2uM2Dldj5UDls02wOCHqE="></latexit>

�a C

<latexit sha1_base64="nmYjRpNqclJgQwqn19X6z7uSmYo="></latexit>

(Abacc Abacd)bdae

<latexit sha1_base64="RLnA4ZfBkIfFPpgUH3+hGUOcS54="></latexit>

(Abacc Bbacd)bdae
<latexit sha1_base64="EvFoCaSDv3HHggr5+sfPSiWml2E="></latexit>

(Bbacc Abacd)bdae

<latexit sha1_base64="/RoltjHby+MBDOnFwWoGAv8gBU8="></latexit>

(Bbacc Bbacd)bdae <latexit sha1_base64="7IGkyiEhaqhvvvnaa9khBZqAA5g="></latexit>

(Abacc C bacd)bdae
<latexit sha1_base64="zHq1e4Bc1Tsx0BNudtM4iBwGj2c="></latexit>

(C bacc Abacd)bdae

<latexit sha1_base64="hMFgYBncnZmj+EuUBjAxXn9Bjj8="></latexit>

(C bacc Bbacd)bdae
<latexit sha1_base64="5nNU/HYQaeuQ8SzXSFYBSpufwMg="></latexit>

(Bbacc C bacd)bdae

<latexit sha1_base64="JfyOrqAa5+j3fV0BLZBhPEtpnRw="></latexit>

(C bacc C bacd)bdae
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• the family relation       can be decided by extraction<latexit sha1_base64="XQNn/jWCpcrWWoCC13P7Z7F9tH4="></latexit>'

Redex families

<latexit sha1_base64="+dSE8cIIZDa2+PuXyI1Xwm7jeHQ="></latexit>

h⇢,Ri ' h�, Si () h⌧ ,T i / h⇢,Ri ^ h⌧ ,T i / h�, Si for some h⌧ ,T i

• in fact            is unique and is the canonical representative of its family
<latexit sha1_base64="/YfNJCbv8dijxpXoHaBtFGlw2/I="></latexit>

h⌧ ,T i

redexes are stable in the 𝝺-calculus

sequentiality

•            is unique in family with minimum length of (standard) reduction
<latexit sha1_base64="/YfNJCbv8dijxpXoHaBtFGlw2/I="></latexit>

h⌧ ,T i <latexit sha1_base64="f1+qtFTKUlDRSZ6et35aw1OflHQ="></latexit>⌧
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• when            is a canonical representative         
<latexit sha1_base64="/YfNJCbv8dijxpXoHaBtFGlw2/I="></latexit>

h⌧ ,T i

Redex families

• family complete reductions are duplication complete reductions

<latexit sha1_base64="LVO/pB+NgkGeIlLxzKFzgKQnqnM="></latexit>

→ω,R↑ ↓ →ε ,T ↑ ↔ ε ↗ ω =↘ →ε ,T ↑ ↭ →ω,R↑

• sublattice of family complete reductions

[optimality thm] leftmost-outermost d-complete reductions are optimal 
in their number of reduction steps
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• the family relation        corresponds to equality of names in the labeled calculus<latexit sha1_base64="XQNn/jWCpcrWWoCC13P7Z7F9tH4="></latexit>'

Redex families

<latexit sha1_base64="gQQXV8ei2IEM0z+vbbEnn92U3Oo="></latexit>⇠<latexit sha1_base64="BcofuApEKmI0AEYZIiFGab3KNwQ="></latexit>

R

<latexit sha1_base64="6TDfm7USIMRiAWUTk+7t7Bi8FbM="></latexit>⇢ <latexit sha1_base64="+UfL7nWHODMFc4waoH0l8Hywkg4="></latexit>�

<latexit sha1_base64="w6Y3IwVm7GTqPUgsF0ncAnbHP7A="></latexit>

S

<latexit sha1_base64="4yVA8hKIXfPf5o+RKXQLApIdl/E="></latexit>

| . |

𝝺-calculus
<latexit sha1_base64="vdMppzFqoB8euhISeGDuV3tPOB0="></latexit>

h⇢,Ri ' h�, Si

<latexit sha1_base64="ZPFQdjvI8SV/zymvFipbPix73ZI="></latexit>

⇢0
<latexit sha1_base64="qwZVL4XAbJv/YEZlQRHkO1k1ydI="></latexit>

�0

<latexit sha1_base64="5gHvu9PhxvKjjkksvCdeipMzOnc="></latexit>

R
<latexit sha1_base64="hbKMb8q9p6djGO3KfxaoDpjCEAE="></latexit>

S

labeled 𝝺-calculus
<latexit sha1_base64="JxOztdOX1K8n5Gjw9ylfAwvsmG0="></latexit>

name(R) = name(S)

when initial term is labeled 
with distinct letters

• family complete reductions are labeled complete reductions



The sublattice of optimal reductions
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• optimal family complete reductions

<latexit sha1_base64="QzujlsmZJ6zxn2CnpNB5dujdlIc="></latexit>

Fm = �x . x I x x ... x
<latexit sha1_base64="o3+SheowyGUpfAizCTqvctm8yGY="></latexit>

�n = �x . x x ... x
<latexit sha1_base64="mNF3DrPLKTxkYjz8SSW7dBNARvs="></latexit>

Fm (�y .�n(y z)) where andexample 

<latexit sha1_base64="GJSa+NPBbw7Kfm03rrAQeqLQCUE="></latexit>

Fm(ωy . (y z)
n)

<latexit sha1_base64="L8oP2ph9yb0xRm8QV84nQcXFR2U="></latexit>

(I z)n (ωy . (y z)n)m→1

<latexit sha1_base64="DKWNmopUxTHRf8Mb/bhTl8j0DmM="></latexit>

zn (ωy . (y z)n)m→1

<latexit sha1_base64="MECdDA/cssjC7rP4v18VsC2UU3U="></latexit>

(ωy .!n(y z)) I (ωy .!n(y z))
m→1

<latexit sha1_base64="/JRo5kPYsZLhDifdOqDenCPCGcw="></latexit>

!n(I z) (ωy .!n(y z))
m→1

<latexit sha1_base64="VatSnR/YdmWG0jr9AJ2DuDp9nNE="></latexit>

!n z (ωy .!n(y z))
m→1

<latexit sha1_base64="B4yo1YJfCjT42rOOxm0G4Dm2EE8="></latexit>

(ωy .(y z)n) I (ωy .(y z)n)m→1



Generalized finite developments

 GFD++ thm [JJL]  let      be a finite set of redex families
<latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F
<latexit sha1_base64="VmdK6uyJlu4A/g9zBWz50lQHEXM="></latexit>

F- all reductions contracting only h-redexes in      have finite length

- these maximal reductions are permutation equivalent

 corollary a lambda-term is strongly normalizable iff it only contracts
a finite set of redex families.

strong normalization finiteness of redex families



Lamping algorithm
• implements optimal reductions [Lamping 90, Gonthier et al 92]



Extra properties

• algebraic laws with parallel reductions of redexes

• residuals of parallel reductions

• optimality of family complete reductions

• reductions with ultra sharing [Lamping]

• linear logic without boxes [Gonthier et al]

• generalization to other systems (interaction systems, …)
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Conclusion

• real implementations of sharing (more than call-by-need) ?
 [ non exponential implementations ]

• subsets where possible manageable sharing (weak calculi, others?)

• simplification of the extraction process

• history-based information flow

• incremental computations (makefiles [Vesta], neural networks)
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• intuitive proofs of strong normalization <latexit sha1_base64="D9ElSr1bH9jf3IOiDZ4lGq6PvL4="></latexit>

(→ω ↑ ε↓ = ω, ↔ω ↑ ε↗ = ε, ωε = ω)


