Motivation

E d ab I e p rOOfS e learn formal proofs of programs
FS i n g ra p h S ¢ never formal proofs are fully published in an article/journal

e how to publish formal proofs ?

US| n g Why3 e pretty proofs for simple algorithms

* algorithms on graphs = a good testbed
jean-jacques.levy@inria.fr * Why3 allows mix of automatic and interactive proofs

» Coq proofs seem to me unreadable by normal human being

PCRI, 04-12-2015

Plan

¢ motivation

« dfs with white coloring

arting With

e random walk in graphs

« dfs with arbitrary coloring i i W h ite n O d eS

* further algorithms

.. joint work (in progress) with Ran Chen




The program

type vertex
constant vertices: set vertex
function successors vertex : set vertex

axiom successors_vertices:
forall x. mem x vertices -> subset (successors x) vertices

predicate edge (x y: vertex) = mem x vertices /\ mem y (successors x)
* a functional version with finite sets

let rec dfs (roots visited: set vertex): set vertex =
if is_empty roots then visited

else
let x = choose roots in
let roots' = remove x roots in

if mem x visited then
dfs roots' visited

else
let b = dfs (successors x) (add x visited) in
dfs roots’ (union visited b)

let dfs_main (roots: set vertex) : set vertex =
dfs roots empty

The program

let rec dfs (roots visited: set vertex): set vertex =
if is_empty roots then visited

else
let x = choose roots in
let roots' = remove X roots in

if mem x visited then
dfs roots' visited
else

let b = dfs (successors x) (add x visited) in
dfs roots’ (union visited b)

let dfs_main (roots: set vertex) : set vertex =
dfs roots empty

e goal: result of dfs_main is set of vertices accessible from roots
¢ invariant: no edge from visited vertex to unvisited vertex

* postcondition: roots are in result of dfs

The program

let rec dfs (roots visited: set vertex) (ghost grays: set vertex) =
if is_empty roots then visited

else
let x = choose roots in
let roots' = remove x roots in

if mem x visited then
dfs roots' visited grays
else

let b = dfs (successors x) (add x visited) (add x grays) in
dfs roots’ (union visited b) grays

let dfs_main (roots: set vertex) : set vertex =
dfs roots empty empty

¢ goal: result of dfs_main is set of vertices accessible from roots
* invariant: no edge from non-gray visited vertex to unvisited vertex

* postcondition: non-gray roots are in result of dfs

The program

let rec dfs (roots grays blacks: set vertex) : set vertex =
if is_empty roots then blacks
else
let x = choose roots in
let roots' = remove X roots in
if mem x (union grays blacks) then
dfs roots' grays blacks
else
let b = dfs (successors x) (add x grays) blacks in
dfs roots’ grays (add x (union blacks b))

let dfs_main (roots: set vertex) : set vertex =
dfs roots empty empty

e goal: result of dfs_main is set of vertices accessible from roots
¢ invariant: no edge from black vertex to white vertex

* postcondition: non-gray roots are in result of dfs



Paths

type wvertex

constant wertices: set vertex

function successors vertex: set vertex

axiom successors-vertices: V. mem z vertices — subset (successors x) vertices

predicate edge (zy: verter) = mem x vertices A mem y (successors )

Paths

inductive path vertez (list vertez) vertez =
| Path_empty : Vz : vertez. path z Nil =
| Path_cons:
Vz y z : vertex, 1 : listvertex.
edge zy — path ylz — path z (Cons zl) 2

predicate reachable (z z: vertez) = 3l. path z 1 z

predicate access(r s: set verter) =
Vz. mem zs — Jz. mem xr A reachable z z

predicate no_black_to_white (bg: set verter) =
Vz z'. edge ' — mem x b — mem z’ (union b g)

let rec dfs r g b :
variant {(cardinal vertices— cardinal g), cardinal v} =
requires {subset r vertices}
requires {subset g vertices}
requires {no_black-to_white b g}
ensures {subset b result}
ensures {no-black_to_white result g}
ensures {Vz.mem zr — - mem x g — mem x result}
ensures {access (union br) result}

if is_empty r then b

else

let x = choose r in

let r’ = remove x r in

if mem x (union g b) then
dfs r’ g b

else

let b’ = dfs (successors x) (add x g) b in
dfs r’ g (union b (add x b’))

Paths

predicate no_black-to_white (b g: set vertez) =
Vz z'. edge ' — mem zb — mem z’ (union b g)

let rec dfs r g b :

requires {subset r vertices}
requires {subset g vertices}
requires {no_black-to_white b g}
ensures {subset b result}

ensures {no_black_to_white result g}

ensures {access (union br) result}

if is_empty r then b

assert {access (add z b) b'};
dfs r’ g (union b (add x b’))

variant {(cardinal vertices— cardinal g), cardinal r} =

ensures {Vz.mem zr — - mem x g — mem z result}

else
let x = choose r in
let r’ = remove x r in
if mem x (union g b) then
dfs r’ g b
else
let b’ = dfs (successors x) (add x g) b in

The program

predicate no_black_to_white (bg: set vertez) =
Vz z’. edge z ' — mem b — mem z’ (union b g)

lemma black-to-white_path-goes_thru_gray :
Vg b. no_black_to_white bg —

Vzl 2. path zxlz — mem b — —mem z (union bg) —

Jy. L.mem yl A mem y g

let dfs_main r =
requires {subset r vertices}
ensures {Vs.access rs <> subset s result}
dfs r empty empty




The program The program

predicate no_black to_white (bg: set vertez) = Theorem black_to_white_path_goes_thru_gray : forall (grays:(set vertex))
Vz z'. edge ' — mem xb — mem z’ (union b g) (blacks:(set vertex)), (no_black_to_white blacks grays) ->

forall (x:vertex) (l:(list vertex)) (z:vertex), (path x 1 z) -> ((mem x
blacks) -> ((~ (mem z (union blacks grays))) -> exists y:vertex,
(list.Mem.mem y 1) /\ (mem y grays))).

lemma black_to-white_path_goes_thru_gray : Proof.
Vg b. no_black_to_white b g — move=> grays blacks hnbtw x 1 z hxlz.
Vz | "induction" z. path zlz — mem zb — —mem z (union bg) — elim: {x 1 2} hxlz => [x Ix x* z 1'].
Jy. Lomem vl A mem - move=> hxb hxnotbg.
y. L. y y9 have hxbg: mem x (union blacks grays).

by apply union_defl; left.

by apply hxnotbg in hxbg. - exists x'; apply conj.
- move=> hxx' hx'l'z HIx'z hxb hnotzbg. + apply path_mem in hx'l'z.
apply Chnbtw x x') in hxb. simpl.
let dfs_main r = apply union_defl in hxb. move: hx'l'z => [hmemx'l"' | egx'z].
. . move: hxb => [hx'b | hx'g]. - by right.
requires {subset r vertices} + apply HIx'z in hx'b. - rZwriie iax'z in hx'g.
ensures {Vs.access rs <> subset s result} move: hx'b => [y hy}']. ' have hzbg: mem z (union blacks grays).
dfs r empty empty ex1its y; .}nove: hyl' => [hmemyl' hzg]. + by apply union_defl; right.
!_JpgnyiC::%; right. by app}y hnotzbg in hzbg.
-~ by 1. + exact h)'( g.
+ by . - exact hxx'.
Qed.
13 15

The program

predicate no_black_to_white (bg: set vertez) =
Vz z'. edge z &' — mem zb — mem z' (union b g)

| | n
lemma black-to-white_path_goes_thru_gray : & a rt I n g W I t h

Vg b. no_black_to_white b g —
Vz [ "induction" 2. path 1z — mem z b — —mem z (union bg) —

Jy. Lmem yl A memyg | i any COIOr

does not work with Why3 !

although easy induction (proved with Coq)

@—@D—0

black black white
or

gray




The program Random walk

let rec random_search roots visited
variant {(cardinal vertices - cardinal visited), (cardinal roots)} =
requires {subset roots vertices }

let rec dfs (roots grays blacks others: set vertex) : set vertex =
if is_empty roots then blacks

else . - .
_ : requires {subset visited vertices }
let x = choose roots in S
' : ensures {subset visited result}
let roots' = remove X roots in

if mem x (union grays blacks) then ensures {forall z. mem z (diff result visited) -> exists x 1. mem x roots /\ whitepath x 1 z visited }

dfs roots' grays blacks others

if is_empty roots then
else pty

visited
let b = dfs (successors x) (add x grays) (add x blacks) others in else
dfs roots’ grays (union blacks b) others let x = choose roots in
let roots' = remove x roots in
let dfs_main (roots others: set vertex) : set vertex = if mem x visited then
dfs roots empty empty others random_search roots' visited
else
let r = random_search (union roots' (successors x)) (add x visited) in
(*-mmmmm e nodeflip_whitepath ----------- *)

(* case 1: nodeflip z visited r /\ z = x *)

assert {forall z. z = x -> whitepath x Nil z visited};
(* case 2: nodeflip z visited r /\ z <> x *)

assert {forall z. mem z (diff r (add x visited)) ->

* follow previous proof

* but hacky (existi/y 1. mem y roots' /\ whitepath y 1 z (add x visited))
(exists y 1. edge x y /\ whitepath y 1 z (add x visited)) };
r
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Random walk Random walk - with 3 lommas (roved n Why3)

let rec random_search roots visited = lemma abc
if is_empty roots then forall z x:'a, r v. mem z (diff r v) -> z = x \/ mem z (diff r (add x Vv))
visited
else lemma whitereachablel :
let x = choose roots in forall x y 1 z v. whitepath y 1 z (add x v) -> whitepath y 1 z v
let roots' = remove x roots in
if mem x visited then lemma whitereachable2 :
random_search roots' visited forall x y 1 z v. not (mem x v) -> whitepath y 1 z v -> edge x y -> whitepath x (Cons x 1) z v
else

. . L. axiom H4 : subset ol vertices
random_search (union roots' (successors x)) (add x visited)
— axiom H5 : subset o vertices

constant r : set vertex

axiom H6 : subset o r

* one step of any traversal strategy axiom H7 :
foenl 2 (e E o) >

° WOI’kS We" Wlth pathS [dowek, munoz] (exists xl:vertex, l:list vertex. meml x1 ol /\ whitepath x1 1 z o)

ax;g:aﬂ ;:vertex. z = x -> whitepath x (Nil:list vertex) z visited

axiom H9 :
forall z:vertex.
meml z (diff r (add x visited)) ->
3 ” . . = (exists y:vertex, l:list vertex.
predicate white_vertez (z : vertex) (v: set vertez) - (mem z v) Tt eneii™™™ ) 2 (add x visited)) \/
(exists y:vertex, l:list vertex.

predicate whitepath (z: vertez) (L : list vertez) (z : vertez) (v : set vertez) = edge x y /\ whitepath y 1 z (add x visited))

path zlz A (Vy.L.memyl — white_vertez yv) A white_vertex zv constant z : vertex _
axiom H10 : meml z (diff r visited)

goal WP_parameter_random_search :
exists xl:vertex, l:list vertex.
meml x1 roots /\ whitepath x1 1 z visited




Random walk

lemma abc :

forall z x:'a, r v. mem z (diff r v) -> z = x \/ mem z (diff r (add x Vv))
lemma whitereachablel

forall x y 1 z v. whitepath y 1 z (add x v) -> whitepath y 1 z v
lemma whitereachable2

forall x y 1 z v. not (mem x v) -> whitepath y 1 z v -> edge x y -> whitepath x (Cons x 1) z v

apply (abc _ x) in hll; move: hll => [hlla | hllb].
- apply h9 in hlla.

exists x; exists nil; split.
+ by apply choose_def.
+ exact hlla.

- apply h1@ in hllb; move: hllb => {h10} [h1@a | hi@b].
+ move: h1l@a => [y [1 [hyr hwp]]].
exists y; exists 1; split.

- by apply (whitereachablel x).

+ move: h1@b => [x' [1' [hyr hwp]]].
exists x; exists (x

o 1')%list; split
+ by apply choose_def.

- by apply remove_defl in hyr; move: hyr => [ _ hmemyr].
+ apply (whitereachable2 _ x').
- exact h4.

- by apply (whitereachablel x).
- exact hyr.

Random walk

let rec random_search roots visited
variant {(cardinal vertices - cardinal visited), (cardinal roots)} =
requires {subset roots vertices }
requires {subset visited vertices }

ensures {subset visited result}

ensures {forall x 1 z. mem x roots -> whitepath x 1 z visited -> mem z result }
if is_empty roots then

visited
else

let x = choose roots in

let roots' = remove x roots in
if mem x visited then

random_search roots' visited
else begin

let r = random_search (union roots' (successors x)) (add x visited) in
* --- -- whitepath_nodeflip ---
(* case 1: whitepath roots' 1 z /\ not (L.mem x 1 \/ z

—
x) *)
assert {forall y 1 z. mem y roots' -> whitepath y 1 z visited -> not (L.mem x 1 \/ x = z)
-> whitepath y 1 z (add x visited)};
(* case 2: whitepath roots' 1 z /\ (L.mem x 1 \/ z = x) *)

-> exists 1'. whitepath x 1' z visited};
(* case 2-1: whitepath x 1 z visited /\ z = x *)
assert {forall z. z =

assert {forall y 1 z. whitepath y 1 z visited -> (L.mem x 1 \/ z = x)

X -> mem z r};
(* case 2-2: whitepath x 1 z visited /\ z < x *)

(* using lemma whitepath_whitepath_fst_not_twice *)
assert {forall 1 z. z <> x -> whitepath x 1 z visited
r

-> exists x' 1'. edge x x' /\ whitepath x' 1' z (add x visited) };
end
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hit ' \ H SUCCEesSors X
white ' —
atvisited | == @ —} ®_.
E R 7N
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' ! white 1 at (add x visited)
v H at visited®,
® '
r' = dfs (successors x) (add x visited) =T

Random walk

* same proof for bfs or iterative dfs

*see web at jeanjacqueslevy.net/why3
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DFS (nodeflip — whitepath)

let rec dfs (roots: set vertex) (visited: set vertex): set vertex
variant {(cardinal vertices - cardinal visited), (cardinal roots)} =

requires {subset roots vertices }
requires {subset visited vertices }
) n n ensures {subset visited result}
) ensures {subset result vertices}
=. a r I n g WI ensures {forall z. mem z (diff result visited) -> exists x 1. mem x roots /\ whitepath x 1 z visited}

if is_empty roots then visited
else
let x = choose roots in|

let roots' = remove x roots in
if mem x visited then

dfs roots' visited
else begin
assert {forall z. z = x -> whitepath x Nil z visited};
let r' = dfs (successors x) (add x visited) in
assert {forall z. mem z (diff r' (add x visited)) ->
(exists y 1. edge x y /\ whitepath y 1 z (add x visited)) };

let r = dfs roots' r' in
S assert {forall z. mem z (diff r r') -> exists y 1. mem y roots' /\ whitepath y 1 z r'};
assert {forall z y 1. whitepath y 1 z r' -> whitepath y 1 z (add x visited)};
r
end

1 Conpront il posone)
DFS DFS T

lemma abc :

let rec dfs roots visited = ' . .
if is_empty roots them forall z x:'a, r v. mem z (diff r v) -> z = x \/ mem z (diff r (add x v))
visited
else lemma whitereachablel :
let x = choose roots in forall x y 1 z v. whitepath y 1 z (add x v) -> whitepathy 1 z v
let roots' = remove X roots in

lemma whitereachable2 :

if mem x visited then
forall x y 1 z v. not (mem x v) -> whitepath y 1 z v -> edge x y -> whitepath x (Cons x 1) z v

dfs roots' visited

else
let r' = dfs (successors x) (add x visited) in
dfs roots' r'

¢ same proof as in random walk
28
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DFS (whitepath — nodeflip)

let rec dfs (roots: set vertex) (visited: set vertex): set vertex
variant {(cardinal vertices - cardinal visited), (cardinal roots)} =
requires {subset roots vertices }

requires {subset visited vertices }

ensures {subset visited result}

ensures {subset result vertices}

if is_empty roots then visited
else

let x = choose roots in

ensures {forall x 1 z. mem x roots -> whitepath x 1 z visited -> mem z result }
let roots' = remove x roots in

ensures {forall z. mem z (diff result visited) -> exists x 1. mem x roots /\ whitepath x 1 z visited}

W L
> successors X
.
I
‘l l‘ .
' ,* white
I ' .* at(add x visited)
-, l
B Z// c 7J
white % )
at visited A not white
'
if mem x visited then B atr
dfs roots' visited ' *
else )
let r' = dfs (successors x) (add x visited) in M
let r = dfs roots' r' in \
[GEEEEEE nodeflip_whitepath ------------coommmmo *) B v
@ ©)
!/
r' = dfs (successors x) (add x visited)
29 31
DFS (whitepath nodeflip) DFS @
,
.
(::) .
— i
D us
successors X
[GEEEEEEEE whitepath_nodeflip ------=-m oo *) @ l "'
(* case 1: whiteaccessfrom roots' z r' *) 1 R
assert {forall y 1 z. mem y roots' -> whitepathy 1 z r' -> mem z r }; H o hite
(* case 2: not (whiteaccessfrom roots' z r') *) H ‘o' wi I,
assert {forall y 1 z. whitepath y 1 z visited -> not whitepath y 1 z r' -> ' . atvisited
exists y'. (L.mem y' 1 \/ y' =2) /\ mem y' (diff r' visited) }; l H l
assert {forall y 1 z. whitepath y 1 z visited -> not whitepathy 1 z r' -> H ’ ’
exists y'. (L.memy' 1 \/ y' =2) /\ ) Y cr
(y' = x \/ whiteaccessfrom (successors x) y' (add x visited)) }; white H :
%) assert {forall y'. whiteaccessfrom (successors x) y' (add x visited) -> at visited \ A not white 1
exists 1'. whitepath x 1' y' visited }; 1 atr’ l W
assert {forall y 1 z. whitepath y 1 z visited -> not whitepathy 1 z r' -> H hit 2:
exists y' 1'. (L.mem y' 1 \/ y' = z) /\ whitepath x 1' y' visited }; H wi I.e_ 1
assert {forall y 1 z. whitepath y 1 z visited -> not whitepath y 1 z r' -> B at VISIted',
exists 1'. whitepath x 1' z visited }; 1
(* case 3-1: whitepath x 1 z /\ z = x *) H
assert {mem x r'}; H
(* case 3-2: whitepath x 1 z /\ z <> x *) v
(* using lemma whitepath_whitepath_fst_not_twice *)
assert {forall 1 z. z <> x -> whitepath x 1 z visited
-> exists x" 1'. edge x x' /\ whitepath x' 1' z (add x visited) };
r

® y
& 5
+3Coq proofs (fnal postcond + Y lemma + ft ot twice)

/
r' = dfs (successors x) (add x visited)

y =2
x ¢ visited
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DFS

* more complex than iterative version (random walk) !

*see web at jeanjacqueslevy.net/why3

Conclusions
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Conclusion

¢ readable proofs ?

* simple algorithms should have simple proofs

—> to be shown with a good formal precision

» further algorithms (in next talk?)

e graphs represented with arrays + lists

* dag check, articulation points, sccK, sscT

e progress in using better meta-language in Why3 proofs ?

¢ Why3 is a beautiful system but not so easy to use !
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