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Plan

» Higher-order typed A-calculus
* Weak vs Strong normalization
¢ Redex creation and strong normalization

e Girard’s proof for strong normalization

* Finite developments

¢ Open problem

1st&2nd-order typing rules

(variable)

(application)

(abstraction)

M x7TkFx:T

FrN=M:0c—-7 Ik N:o

= MN:7

I xiok M:T
FrN=XxM:0—> 71

=M Va1
r=M:m{a:=0c}

M= M7 a¢&TVar(l)

(1st-order typing)

=M :Va.r

higher-order typing rules

(axioms) <>Fc:s, if (c:5)e A:
( ) ''A:s = ¢
start —_— ifr="z2¢l;
Fz:AlFz: A
'FA:B TFC:s
(weakening) ifr="z¢rl;

(product)

'z:CFA;B

'rA:s;y I''z:AFB:s,

I'F(llz:A.B) : s3

ir(.‘-‘l,.s"_:. .s;;) € R;

(application)

(abstraction)

=R (T 2= 50 AT =ia

A

'k Fa: B[z :=d]

A b BaR R (I 24 ) =8

' (Az:Ab) : (llz:A.B)

(conversion)

'A:B TFB:s

B=3 B

r-A:B



Usual sorts (51,82, 83) = (1, 89, 52) Weak vs Strong Normalisation
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Usual abbrevs bbb
Va. A = lla:x. A l_J_,lb.J_,l
o | l l" l l l finite developments
Aa. M = da:x. M — > —
A— B=1Ilz:A.B when z ¢ FVar(B) l—J—»i {:»J
Weak vs Strong Normalisation Weak normalization in lambda-|

. e innermost reduction clearly terminates (in lambda-K fst order)
Al strong normalization , _
(take multiset ordering on degrees of redexes)

/ \ » weak implies strong in lambda-I

: : : : (take same argument as for standardization proof: finite
Al weak normalization AK strong normalization developments + cube lemma)

e true in any PTS lambda system

[conjecture Barendregt / Geuvers]



Weak vs Strong Normalisation

* Nederpelt[72], Klop[80], Sorensen|[?]

Strong Normalisation (1st order)

» why typed 1st-order calculus normalizes ?

(Ax.- o xN - )(Ay.M) —> - (Ay.M)N" - -- creation downward
o—T g g
creates——*

creation upward

(Ax Ay .M)NP —> (A\y.M")P (Axx)(Ay.-M)N — (Ay.M)N
o :T T TT 3
— creates — creates

* degree of a redex is type of its function part

* degree strictly decreases with creation

Strong Normalisation(2nd order)

* why system F normalizes ?
(Ax.-xxe )(Ayy) = - (Ayy)(Ayy) -

=
ToT T7T  where
\—creates—g T=Va.a— «

(AxAy.M)NP —> (\y.M")P

T
T
g — T

— creates

Strong Normalisation(2nd order)

* looking more closely at system F
(Ax. oo )(Ayy) = - (Ayy)(Ayy) -

TT 77T  where
\—creates—/‘ T=Voa.a— «

(Ax. -0 )(Ayy) = - Qyy)yy) -

also typable with

Vo.™ =7 where
T'=a—a



Strong Normalisation(2nd order)

AIAl — IIA]I — [Al — Al — || — |

T =T 1st order 1st order T — 7 1storder
—_ —_

where
T=Vo.a — «
A = Ax.xx

| = Ax.x

Girard - Tait - Krivine proof
* Definition ( ) X € SAT iff X C SN and

(1) xMeX when MeSN
(2) M{x:=N}PeXand NeSN implies (Ax.M)NP e X

(1) = non emptyness (2) = closed by SN-head-beta-expansion
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Girard - Tait - Krivine proof

Let Np = {xM | M e SN}
and X > Y={M|NeX = MNcY}

eFact1 Ny C SN =Ny C Nyg = SN C SN
eFact2 SN € SAT

eLemma1 X,Y € SAT implies X — Y € SAT

eLemma2 X; € SAT implies (| X; € SAT
iel

Girard - Tait - Krivine proof
» Semantics of types Let ( € TVar — SAT. Then [7]¢ is
[ode = <(a)

[o—=7lc=0olc > I7lc [Yarle= [ [7lcsx)
xecSAT

e Corollary (1-2) [7]¢ € SAT
* Lemma 3 ( ) [7{a:=0c}lc =[71ctamsto1}

eLemma4 Let x;:71, ... X7 = Mt and Ny € [ ]le, ... Np € [0 ¢
Then M{xy := Ny, ...x, := N,} € [[7']]C

e Corollary (4) T+ M:7 implies M € SN



Girard - Tait - Krivine proof
* Semantics of terms Let p € Var —+ A. Then

[MI, = M{x = p(x1), ... xa := p(xn)}

p, ¢ =M iff [M], e 7]
p,C =T iff p,¢ Ex:T forany (xit) el
M= M7 iff Vp,¢ p, (=T =p (= M:T

e Lemma 3 ( ) [7{a:= U}]]CZHT]]C{aHIIU]k}
eLemma4 I - M:7 implies I = M:T
e Corollary T - M:7 implies M € SN

Simple higher-order calculus

M,N,A B,..:=x|MN|Xx:A.M|MNxA.B

(Ax:A.M)N — M{x := N}

The 2 theorems

¢ Confluence

e Strong normalisation in typed calculi when sorts are well-founded

Tracking redexes in untyped calculus

M,N,...:=x|MN|Ax.M
(Ax. M)N — M{x := N}

The 2 theorems

¢ Confluence

* Finite developments (cube lemma)

Redex families

(AX.XX)((AF.f3)(Ax.x))
e

v

(Af.F3)(Ax.x)((Af.f3)(Ax.X))

/

(Af.f3)(Ax.x) ((Ax X)3) (Ax X)3((Af.f3)(Ax.x)) (Ax. xx)(SAx X)3.)

AN

(AF.f3)(Ax.x)3 (Ax x)3((/\x x)3) 3((Af.f3)(Ax.x))
AX. x)33 3( (Ax.x)3) (Ax.xx)3

N
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* 3 redex families: red, blue, green.



Tracking redexes in untyped calculus
M, N, ... =% | *(MN) | “(Ax. M)
Be(Mx. M)N) —> Plelpm{x = eI N}

where

*(BU)y=2PU and “x{x:=M}=

The 2 theorems

» Confluence (consistent names of redexes)

* Created redexes contain names of creators )

Graphically

B
/ —
La]
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P(a(Ax. b(x 9x)) I (MF. j(kf£3))“!)\x. vx))

/ I o3 families: a i k|iu
v

plalb(clala(i(\f J(kf £3))4(Ax."x))
dlala(i(Af J(kf £3)) 4(Ax."x)))

/ N P2 (. B(Ex %)) T2 ) 13))

(a]b(cLanHJ(kU”()\X X!£3}
plalb(elala(i(\f (kf £3))u(Ax.Vx
(d[aJQH(J kng)\x )X)(é31) ) Lala(f(AFI(KF £3)) “(Ax.x)))

Gy N S

kf ¢ AXx.Yx pla alqlilj u
Wiy ”b( Ca( O -rx) 13) A (5F 13))(Ax.x))

dlalalili(klilu(\x.Vx) £3))
)
\ / \kl_ V p(a(/\X‘b(chX))q[ﬂj[k\_i]u}v\_k\_ijujg?):

plalb(clalalili(klilu(\x vx) €3) plalb(clalalilifklilulviklilu]¢3)
dlalq[ilj[kli]ulv]kli] ul3)) dlalalili(klilu(\x.vx) £3))
. a
k(i Ykliju
plalb(clalalililklilulviklilule3
dlalalilifklilulviklilul3)

P[ﬂb(C[aJQWU[kUJﬂVLkUJ UJZ3)

Finite and infinite reductions (1/3)

« Definition A reduction relative to a set F of redex families is
any reduction contracting redexes in families of F.

A development of F is any maximal relative reduction.

e Theorem [Finite Developments+, 76]
Let F be a finite set of redex families.

(1)  there are no infinite reductions relative to F,
(2)  they all finish on same term N
(3)  All developments are equivalent by permutations.



Finite and infinite reductions (2/3)

e Corollary An infinite reduction contracts an infinite set of
redex families.

e Corollary The first-order typed A-calculus strongly terminates.

Proof In first-order typed A-calculus:

(1)
(2)

residuals R’ = (Ax.M')N’ of R = (Ax.M)N keep the
degree

new redexes have lower degree

Tracking redexes in HO calculus

M,N, A B,..:= “| “(MN)| “(Ax:A.M)| “(Nx:A.B)

Be(Ax:A. M)N) —> BlaAl pf{x .= LAl g

where
*PU)= “PU and *x{x:=M}=*M
and (|’o¢,A'| M){X — N} — [ A{x:=N}] M{X = N}

The 1 theorem

¢ Confluence
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Graphically

8
[, Al
—
[ Al [, Al
Example
Al — ] — | T=Vt.t—=>t

(Ax:7 . xTx)(At.Ay:t.y)
—> (At Ay:itx)T(At.Ay:t.y)
—>  (A\y:7.x)(AtAy:t.y)
—> (At \y:ty)
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Example

Al — I — | A=b(vt.?(t — 9t))
(Ax:A. x A'x)(At.\y:t.y)

(At Ay:t.x)A (At.\y:t.y)

(Ay: A" x)(At.A\y:t.y)

(At.A\y:t.y)

b

I (Ax:A B (Ox A) 2x))8(AL."(\y:5t.5y)))
9[4,A13( 1(0L4'AJ8(/\t.7()\y:5 t.6y))A’) 2L4'AJ8(/\t.7()\y:5t.6y)))
9[4,A13( 1[0L4,AJ8,*]7()\y: 5|0]4,A]8,x]| A’.Gy) 2L4’AJ8(/\t.7()\y:5t.6y)))

b

9[4,A13[1[0|4,A]8,%]7, 5L0L4AI8=1 ATT6 1[0 4,A]8,%]7, SLOL4AIE~] A7 |
2L4AIB(AET(Ay:2t.0y))
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Todo list

¢ Relate tracking of redexes to impredicative Girard’s proof
¢ Find intuitive argument for SN in higher-order typed A-calculus
¢ Find intuitive proof for SN in higher-order typed A-calculus

¢ SN proof must always be in 3rd-order Peano logic
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XC3¢( YESAT = XY € SAT
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Proofs




