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1. Context
2. Track A

— Math. Components

—  Security
— TLA+

3. Track B

— DDMF

— ReActivity

— Adaptative search

— Image & video mining
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Management

\

Eric Boustouller
Stephen Emmott
Gérard Giraudon
Gérard Huet
Marc Jalabert
Jean Vuillemin
Ken Wood

Gilles Kahn Roger Needham

Michel Cosnard J.-J. Levy Andrew Herbert
Michel Bidoit Andrew Blake Bernard Ourghanlian
. Stephen Emmott Thomas Serval
Bruno Sportisse Malik Ghallab

Claude Puech
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Organization

a rather complex system

« 7 research projects (in two tracks)

12 resident researchers

 non permanent researchers funded by the Joint Centre
 permanent researchers paid by INRIA or MSR

« operational support by INRIA Saclay

e 1 system manager (Guillaume Rousse, INRIA Saclay)

« 1 administrative assistant (Martine Thirion, Joint Centre)

* 1 deputy director (Pierre-Louis Xech, MS France)

» active support from MS France
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Localization
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People

PhD Students

Francois GARILLOT
Sidi OULD BIHA
lona PASCA

Roland ZUMKELLER
Pierre-Malo DENIELOU
Nataliya GUTS
Jérémy PLANUL
Santiago ZANELLA
Alexandre BENOIT
Marc MEZZAROBA
Nathalie HENRY (+)
Nicolas MASSON
Arnaud SPIVAK
Aurélien TABARD

Alexandro ARBALAEZ
Alvaro FIALHO
Adrien GAIDON

Post Docs

Stéphane LE ROUX
Guillaume MELQUIOND (*)
Assia MAHBOUBI (*)
Ricardo CORIN (*)
Gurvan LE GUERNIC
Eugen ZALINESCU
Tamara REZK (*)
Kaustuv CHAUDURI (*?)
Stefan GERHOLD

Fanny CHEVALIER
Niklas ELMQVIST
Catherine LEDONTAL
Tomer MOSCOVICH
Theophanis TSANDILAS
Nikolaus HANSEN (*7?)
Neva CHERNIAVSKY

(*) Now on permanent INRIA position, (+) on permanent MSR position



Track A

Software Security
Trustworthy Computing
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Mathematical components

Georges Gonthier, MSRC Frangois Garillot, MSR-INRIA (PhD)

Assia Mahboubi, INRIA Saclay/LIX Guillaume Melquiond, MSR-INRIA (postdoc)
Andrea Asperti, Bologna Stéphane le Roux, MSR-INRIA (postdoc)

Y. Bertot, L. Rideau, L. Théry, Sidi Ould Biha, Benjamin Werner, INRIA Saclay/LIX,

lona Pasca, INRIA Sophia Roland Zumkeller, LIX (PhD)

Computational proofs

— computer assistance for long formal proofs.
— reflection of computations into Coqg-logic: ssreflect.

4-color finite groups

Appel-Haken Feit-Thompson
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Section R_props.

(* The [§li® axioms, and some useful basic corollaries. *)

Hypothesis multlx : forall x, 1 * x = x.
Hypothesis mult@x : forall x : R, @ * x = 0.
Hypothesis plus@x : forall x : R, @ + X = x.

Hypothesis minusxx : forall x : R, X - x = Q.

Hypothesis plusA @ forall x1 x2 x3 : R, x1 + (X2 + x3) = x1 + x2 + x3.
Hypothesis plusC : forall x1 x2 : R, x1 + x2 = x2 + x1.

Hypothesis multA : forall x1 x2 x3 : R, x1 * (x2 * x3) = x1 * x2 * x3.
Hypothesis multC : forall x1 x2 : R, x1 * x2 = x2 * x1.

Hypothesis distrR : forall x1 x2 x3 : R, (X1 + x2) * x3 = x1 * x3 + x2 * x3.

Lemma plusCA : forall x1 x2 x3 : R, x1 + (x2 + x3) = x2 + (x1 + x3).
Proof. move=> *; rewrite !plusA; congr (_ + _); exact: plusC. Qed.

Lemma multCA : forall x1 x2 x3 : R, x1 * (x2 * x3) = x2 * (x1 * x3).
Proof. move=> *; rewrite !multA; congr (_ * _); exact: multC. Qed.

Lemma distrl : forall x1 x2 x3 : R, x1 * (x2 + x3) = x1 * x2 + x1 * x3.
Proof. by move=> x1 x2 x3; rewrite !(multC x1) distrR. Qed.

Lemma oppK : involutive opp.

Proof.

by move=> x; rewrite -{2}[x]plus@x -(minusxx (- x)) plusC plusA minusxx plus@x.
Qed.

Lemma multmlx : forall x, -1 * x = -X.

Proof.

move=> X; rewrite -[_ * x]plus@x -(minusxx x) -{1}[xImultlx plusC plusCA plusA.
by rewrite -distrR minusxx mult@x plus@x.

Oed .



Lemma Rsubn : forallmn, m>=n ->(m - n)¥N =m - n :> R.
Proof.

move=> m n; move/leq_add_sub=> Dm.

by rewrite -{2}Dm Raddn -plusA plusCA minusxx plusC plus@x.

Qed.

Lemma Rmuln : forall mn, (m * n)¥N =m * n :> R.

Proof.

move=> m n; elim: m => /= [Im IHm]; first by rewrite mult@x.

by rewrite Raddn RofSnE IHm distrR multlx plusC.

Qed. | EEi
Lemma RexpSnE : forall x n, RexpSn x n = x A n * x,

Proof. by move=> x; elim=> /= [I_ -> //]; rewrite multlx. Qed. = I
Lemma mult_exp : forall X1 x2 n, (X1 * x2) An=x1An* x2 An. I

Proof.

by move=> x1 x2; elim=> //= n IHn; rewrite !RexpSnE IHn -!multA (multCA x1).

Qed.

Lemma exp_addn : forall x n1 n2, x A (nl +n2) =xAnl*xAn2.

Proof.

move=> x nl n2; elim: nl => /= [Inl IHn]; first by rewrite multlx. ()
by rewrite !RexpSnE IHn multC multCA multA.

Qed.

Lemma Rexpn : forall mn, (m A n)¥N =m A n :> R.
Proof. by move=> m; elim=> //= n IHn; rewrite Rmuln RexpSnE IHn multC. Qed.

Lemma exp@n : forall n, @ <n -> @ An=20.
Proof. by move=> [I[In]] //= _; rewrite multC mult®x. Qed.

—~ U D 3

Lemma expln : forall n, 1 An=1.
Proof. by elim=> //= n IHn; rewrite RexpSnE IHn multlx. Qed.

o =< T MW

Lemma exp_muln : forall x n1 n2, x A (nl1 * n2) = (x A nl) A n2.
Proof.

move=> X nl n2; rewrite mulnC; elim: n2 = //= n2 IHn.

by rewrite !RexpSnE exp_addn IHn multC.

Qed.

Lemma sign_odd : forall n, (-1) A odd n = (-1) A n.

Proof.

move=> n; rewrite -{2}[n]odd_double_half addnC double_mul2 exp_addn exp_muln.
by rewrite /= multmlx oppK expln multlx.

Qed.

Lemma sign_addb : forall bl b2, (-1) A (bl (+) b2) = (-1) A bl * (-1) A b2.
Proof. by do 2!case; rewrite //= ?multmix ?multlx ?2oppK. Qed.[]

Lemma sign_pernM : forall d (s t : permType d),
-(D0S)-- determinant.v  45% (760,61) (coq) | CENTRE DE “c%*uﬁ'ﬁfﬁﬁ
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rewrite isum@ ?plus@x // => 1'; rewrite andbT; move/negbET->; exact: mult@x. ~
Qed.

Lemma matrix_transpose_mul : forall mn p (A : M_(m, n)) (B : M_(n, p)),
\At (A *m B) =m \At B *m \At A.
Proof. split=> k 1; apply: eq_isumR => j _; exact: multC. Qed.

Lemma matrix_multxl : forall mn (A : M_(m, n)), A *m \1m =m A.

Proof.

move=> m n A; apply: matrix_transpose_inj.

by rewrite matrix_transpose_mul matrix_transpose_unit matrix_multlx.

Qed. |

Ay,

Lemma matrix_distrR : forall mn p (AL A2 : M_(m, n)) (B : M_(n, p)),
(AL +m A2) *m B =m Al *m B +m A2 *m B. .
Proof. I I
move=> m n p Al A2 B; split=> i k /=; rewrite -isum_plus.
by apply: eq_isumR => j _; rewrite -distrR.
Qed.

Lemma matrix_distrL : forall mn p (A : M_(m, n)) (B1 B2 : M_(n, p)),
A *m (B1 +m B2) =m A *m B1 +m A *m B2.

Proof.

move=> m n p A Bl B2; apply: matrix_transpose_inj.

rewrite matrix_transpose_plus !matrix_transpose_mul.

by rewrite -matrix_distrR -matrix_transpose_plus.

Qed.

Lemma matrix_multA : forall mnp q
(A = M_(m, n)) (B : M_(n, p)) (C : M_(p, Q)).,[]
A*m (B *m ) =m A *m B *m C.
Proof.
move=>mn p q A B C; split=>1 1 /=.
transitivity (\sum_(k) Q\sum_(3) (A1 j *B j k * Ck 1)).
rewrite exchange_isum; apply: eqg_isumR => j _; rewrite isum_distrL.
by apply: eq_isumR => k _; rewrite multA.
by apply: eqg_isumR => j _; rewrite isum_distrR.

—~ U D 3

o =< T MW

Qed.

Lemma perm_matrixM : forall n (s t : S_(n)), ()
perm_matrix (s * t)¥G =m perm_matrix s *m perm_matrix t.

Proof.

move=> n; split=> 1 j /=; rewrite (isumDl (s 1)) // setll multlx -permM.
rewrite isum@ => [1j']; first by rewrite plusC plus@x.

by rewrite andbT; move/negbET->; rewrite mult®@x.

Qed.

Lemma matrix_trace_plus : forall n (A B : M_(n)), \tr (A +m B) = \tr A + \tr B.
Proof. by move=> n A B; rewrite -isum_plus. Qed.

Lemma matrix_trace_scale : forall n x (A : M_(n)), \tr (x *sm A) = x * \tr A.
Proof. by move=> *; rewrite isum_distrL. Qed.
-(D0S)-- determinant.v  77% (1190,48) (coq) | CENTRE DE REC%':&'&S,E
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(* And now, finally, the title feature. *) ~

Lemma determinant_multilinear : forall n (AB C : M_(n)) i@ b c,

ron i@ A =m b *sm row i@ B +m ¢ *sm row i@ C ->

rown' i@ B =m row' i@ A -> row' i@ C =m row' 10 A ->

\det A =b * \det B + ¢ * \det C.

Proof.
move=>n A B C i@ b c ABC.
move/matrix_eq_rem_row=> BA; move/matrix_eq_rem_row=> CA.
rewrite !isum_distrL -isum_plus; apply: eq_isumR =5 _.
rewrite -!(multCA (_ A s)) -distrL; congr (_ * _).
rewrite !(@iprodDl _ 19 (setA D)) // (matrlx_eq_row ABC) distrR !multA.
by congr (_ * _ + _ * _); apply: eq_iprodR => 1i;

rewrite andbT => ?; rewrite ?BA ?CA.
Qed.

Lemma alternate_determinant : forall n : M_(n)) i1 i2,
il =12 -> A il =1 A i2 -> \det A =
Proof.
move=> n A il i2 Dil2 Al12; pose r .
pose t := transp il i2; pose tr s (t * s)%G.
have trK : involutive tr by move=> s; rewrite /tr mulgA transp2 mullg.
have Etr: forall s, odd_perm (tr s) = even_perm s.
by move=> s; rewrite odd_permM odd_transp Dil2.
rewrite /(\det _) (isumID (®even_perm r)) /=; set S1 := \sum_(in _) _.
rewrite -{2}(minusxx S1); congr (_ + _); rewrite {}/S1 -isum_opp.
rewrugg (reindex_isum tr); last by exists tr.
symmetry; apply: eq_isum => [s | s seven]; first by rewrite negbK Etr
rewrite -multmlx multA Etr seven (negbET seven) multmlx; congr  * ).
rewrite (reindex_iprod t); last by exists (t : _ -> _) => 1 _; exact: transpK.
apply: eqg_iprodR => i _; rewrite permM /t.
by case: transpP => // ->; rewrite A12.
Qed.

>

e o
[}

Lemma determinant_transpose : forall n (A : M_(n)), \det (\At A) = \det A.
Proof.
move=> n A; pose r := I_(n); pose ip p : permlype r := pA-1.
rewrlte /(\det _) (reindex_isum ip) /=; last first.
Qx exists ip => s _; rewrite /ip 1nng
apply: eqg_isumR => s _; rewrite odd_permV /= (reindex_iprod s).

by congr (_ * _); apply: eq_iprodR => i _; rewrite permK. ()
by exists (sA-1 : _ -> _) => 1 _; rewrite ?permK ?permKv.
Qed.

Lemma determinant_perm : forall n s, \det (@perm_matrix n s) = (-1) A s.
Proof.
move=> n s; rewrite /(\det _) (isumDl s) //.
rewrite iprodl => [li _]; last by rewrite /= setll.
rewrite isum@ => [lt Dst]; first by rewrite plusC plus@x multC multlx.
case: (pickP (fun i => s i =t i)) = [i ist | Est].
by rewrite (iprodDl i) // multCA /= (negbET ist) mult®x.
move : “Dst; rewrite andbT; case/eqgP.
“-(D0S)-- determinant.v  81% (1256,4) (coq)
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Lemma determinantl : forall n, \det (unit_matrix n) =
Proof.
move=> n; have:= @determinant_perm n 1%G; rewrite odd_perml => /= <-.
apply: determinant_extensional; symmetry; exact: perm_matrixl.
Qed.
U .
Lemma determinant_scale : forall n x (A : M_(n)),
\det (x *sm A) = x A n * \det A.
Proof.
move=> n X A; rewrite isum_distrl; apply: eq_isumR => s _.
gx rewrite multCA iprod_mult iprod_id card_ordinal.
Qed.

Lemma determinantM : forall n (A B : M_(n)), \det (A *m B) = \det A * \det B.
Proof.
move=> n A B; rewrite isum_distrR.
pose AB (f : F_L(n)) (s : S_(n)) 1 :=A1(F1i)*B(f1i)(s1).
transitivity (\sum_(f) \sum_(s : S_(n)) (1) A s * \prod_(i) AB f s 1).
rewrite exchange_isum; apply: eq_isumR => s _.
by rewrite -isum_distrlL distr_iprodA_isumA.
rewrite (isumID (fun f => uniq (fval f))) plusC isumd ?plus@x => /= [I|f Uf].
rewrite (reindex_isum (fun s => val (pval s))); last first.
have s@ : S_(n) := 1%G; pose uf (f : F_(n)) := uniq (fval f).
pose pf f := if insub uf f is Some s then Perm s else s@.
exists pf = /= f Uf; rewrite /pf (insubT uf Uf) //; exact: eq_fun_of_perm.
apply: eqg_isum => [sls _]; rewrite ?(valP (pval s)) // isum_distrL.
rewrite (reindex_isum (mulg s)); last first.
by exists (mula sA-1) => t: rewrite ?mulKav ?mulKa.




Secure Distributed Computations
and their Proofs

Cédric Fournet, MSRC James Leifer, INRIA Rocq.

Karthik Bhargavan, MSRC Jean-Jacques Lévy, INRIA Rocq.
Ricardo Corin, INRIA Rocg. Tamara Rezk, INRIA Sophia
Pierre-Malo Deniélou, INRIA Rocq. Francesco Zappa Nardelli, INRIA Rocq.

G. Barthe, B. Grégoire, S. Zanella, INRIA Sophia  Nataliya Guts, MSR-INRIA (PhD)
Jérémy Planul, MSR-INRIA (intern)

Distributed computations + Security

— programming with secured communications

— certified compiler from high-level primitives to low-level crypto-
protocols

— formal proofs of probabilistic protocols
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Secure Distributed Computations
and their Proofs

Recent results:
— secure sessions v2 (proofs by typing)

— concurrent secure sessions v1

— correctness proofs of TLS implementations
— information flow + cryptography
— secure logs

— secure modeling of e-cash

CENTRE DE RECHERCHE
COMMUN
INRIA
MICROSOFT RESEARCH



Tools for formal proofs

Damien Doligez, INRIA Rocqg.

Kaustuv Chaudhury, MSR-INRIA (postdoc)
Leslie Lamport, MSRSV

Stephan Merz, INRIA Lorraine

Natural proofs
— first-order set theory + temporal logic

— specification/verification of concurrent programs.
— tools for automatic theorem proving

Specifying
Systems
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tools for proofs
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(* First some general logical axioms pulled from the trusted base *)

(* The following is a specific instance of a theorem provable by the Peano axioms *)

THEOREM TwoIsNotOne =
2#1
PROOF OMITTED

THEOREM NegElim =
ASSUME
NEW CONSTANT A,
A, ~A
PROVE
FALSE
PROOF OMITTED

THEOREM InplIntro —
ASSUIME
NEW CONSTANT A, NEW CONSTANT B,
ASSUME A PROVE B
PROVE A = B
PROOF OMLTTED
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(x*
* Main theorem: there is no irreducible rational number x/y whose
* square 1s 2.

*)

THEOREM SgrtTwoIrrational =
M x, y \in Nat : Coprime(x, y) = xA\2 /=2 * y\2

PROOF <1>1. ASSUME

NEW x \in Nat,
NEW y \in Nat,
coprimality:: Coprime(x, y),
main:: xA2 = 2 * yA2
PROVE
FALSE
PROOF <2>1. Divides(2, x)
PROOF <3>1. Divides(2, x"2)
BY <1>1!3
<3>2. QED
BY <3>1, TwolsPrime, SquarelLemma
<2>2. Divides(2, y)
PROOF <3>1. PICK r \in Nat : x=2*r
BY <2>1, DivLenma
<32. XN =2%* (2 * r2)
BY <3>1
<33.2*yR2=2%*2*r\2)
BY <1>1!main, <3>2
<34, yN2 =2 % r\2
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<3>2. QED
BY <3>1, TwoIsPrime, SquarelLemma
<2>2. Divides(2, y)
PROOF <3>1. PICK r \in Nat : x =2 *r
BY <2>1, DiviLemma
<32. X2 =2%(2* r\2)
BY <3>1
<33.2*yR2=2%*2*r\)
BY <I>1!main, <3>2
34, Y2 =2*r\2
BY <352, LeftCancellationLema
<3>5. QED
BY <3>3, TwoIsPrime, SquarelLemma
<2>3. ~ (Divides(2, y))
PROOF <3>1. VA d \in Nat : (Divides(d, x) /\ Divides(d, y)) == d =1
BY <1>1!coprimality
32.2=1
BY <251, 22, <3>1
<3>3. QED
BY <3>2, TwoIsNotOne

2-4. QED
BY <252, <2>3, NegElim
<1>2. QED
BY <151, Implintro, Foralllntro
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(* The main definitions and lemmas (proofs omitted) *)

Divides(d, n) =

/\ d \in Nat

/A n \in Nat
ANEg\inhNat : n=d * g

THEOREM DivLemma —
M d, n \in Nat : Divides(d, n) = \Er\inNat : n=r * d
PROOF OMITTED

Prime(x) =
/\ x \in Nat
/A M d \in Nat : Divides(d, x) =V d=1
Vd=x

PrimeNat = {x \in Nat : Prime()}

THEOREM TwoIsPrime = 2 \in PrimeNat
PROOF OMLTTED

THEOREM SquareLemma —
M p \in PrimeNat, x \in Nat :
Divides(p, xA2) => Divides(p, x)
PROOF OMLTTED

CENTRE DE RECHERCHE
COMMUN
INRIA
MICROSOFT RESEARCH



Tools for formal proofs

Recent results:
— Proof Manager with incremental, non-linear proofs

— declarative meta-language

— proofs like done by Mathematicians

— proof of the atomic Bakery algorithm with PM
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Dynamic dictionary of math

Bruno Salvy, INRIA Rocq., Henry Cohn, [Theory Group] MSRR
Alin Bostan, INRIA Rocq., Alexandre Benoit, MSR-INRIA (intern)
Frédéric Chyzak, INRIA Rocqg. Marc Mezzarobba, MSR-INRIA (intern)

Computer Algebra and Web for useful functions,

— dynamic tables of their properties.

— generation of programs to compute them.

HANDBOOK OF
MATHEMATICAL FUNCTIONS

with Fo ratical Tables

Maple 11
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9. Bessel Functions of Integer Order

Mathematical Properties

Notation

The tables in this chapter are for Bessel func-
tions of integer order; the text treats general
orders. The conventions used are:

z=z-+1y; z, y Teal.

n is & positive integer or zero.

v, u are unrestricted except where otherwise
indicated; » is supposed real in the sections devoted
to Kelvin functions 9.9, 9.10, and 9.11.

The notation used for the Bessel functions is
that of Watson [9.15] and the British Association
and Royal Society Mathematical Tables. The
function Y,(2) is often denoted N,(z) by physicists
and European workers.

Other notations are those of:

Aldis, Airey:

@,(z) for —37xY,(2), K.(2) for (—)"K.(2).
Clifford:
Cy(z) for 274J,(2y7).

Gray, Mathews and MacRobert [9.9]:

Yi(2) for 3x¥a(2)+(n 2—v)Ja(2),

Y,(2) for we™* sec(vr) Y, (2),

@G,(2) for 3miH M (2).
Jaehnke, Emde and Losch [9.32]:

A,(2) for D(»+1)(32)""J, (2).

Jeffreys: ey
Hs,(2) for H"(2), Hi,(2) for H®(z),

Kh,(2) for (2/x)K,(z).

Heine:
K(2) for—4rY a(2).
Neumann:
Y7(2) for 3w ¥Yu(2)+ (In 2—7)J4(2).
Whittaker and Watson [9.18]:
K,(z) for cos(vx)K,(2).
358
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Bessel Functions Jand Y
9.1. Definitions and Elementary Properties

Differential Equation

011 230 =0

Solutions are the Bessel functions of the first kind
Js,(2), of the second kind Y,(z) (also called
Weber’s function) and of the third kind H{"(z), H®(z)
(also called the Hankel functions). Each is a
regular (holomorphic) function of z throughout
the z-plane cut along the negative real axis, and
for fixed z(#0) each is an entire (integral) func-
tion of ». When v= %=, J,(2) has no branch point
and is an entire (integral) function of z.

Important features of the various solutions are
as follows: J,(2)(#v>0) is bounded as z—0 in
any bounded range of arg z. J,(2) and J_,(2)
are linearly independent except when » is an
integer. J,(2) and Y,(z) are linearly independent
for all values of ».

H{®(z) tends to zero as |z]—>e in the sector
0<arg 2<x; H®(z) tends to zero as [z| > in the
sector —x<arg 2<0. For all values of », H{"(2)
and H{?(z) are linearly independent.

FIGURE 9.2.  Jy(z), Yio(x), and
G Mo($)=VJx’o($)+Y'fo(Z)-

Ficure 9.3. J,(10) and ¥,(10).

Relations Between Solutions

912  ¥,(o=L2 °°;n('2"w)r)_‘]"(z) \l\/ .

The right of this equation is replaced by its

limiting value if » is an integer or zero. ! 5o R M
1
RO P J S 1 o

80°
7582
20°
1032
120°

43°

TiesS
~130°
-133°

120°
-1
8ov-90
-7s°
80°
=42®
30%
18
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9.1.3 44 .
HY (3)=J,(a) +i¥(2) : S,
=1 esc(vm) (e (2) —J-.(2)} Ay NS
9.1.4 — ] <
HA (2)=J,(2) —iY,(2) — i S
=i sc(vm) (Jr()—eT(2)} e R e T

r () .5 20
915  J(=(—)u?) Y-u(2)=(=)"F.(2) TIUREO.4. Contour lines of the modulus and phase of the Hankel Function H® (s-+iy)=Mye®. From

E. Jahnke, F. E i : <
916 HY(=e"HP(e) HO(=e"HPE) | York, N.Y, 1900 (with permissony - Mher functions, MeGraw-Fill Book o, Inc, Now

CENTRE DE RECHERCHE
COMMUN

INRIA
MICROSOFT RESEARCH



360

Limiting Forms for Small Arguments
When » is fixed and z—0

9.1.7
J@)~G)Te+1) (-1, =2, —3, . . )

9.1.8  Yy(2) ~—iHP (2) ~iHP (2) ~ (2/z)In 2
9.1.9
Y (2) ~—iHP (2) ~iH® (2) ~ — (1/) T () (32) "

(Zv>0)
Ascending Series
ol - % > (—}zz)k
9.1.10 J,(2)=(}2) go HT4E+1)
9.1.11
Yo ()= (32)- ";T:; (ﬂ—k Ht (3z2)
+— In (32)J,(2)
_G2)" z) (—12%)*
255 D +yein) S Ry
where y/(n) is given by 6.3.2.
1122 (292 (32)°
9.1.12 Jy(z)=1 (11)2+ (2h? *32!)2 +.
9.1.13
Y,,(z)—— {In (§2)+‘Y}Jo(z)+2 {(if)z
v 38
a+h G arp G
9.1.14
J(2)Ju(2)=

e (=) Tr+p+-2k+1) (33)*
G R TR T OT G DTG T AT T

Wronskians

9.1.15

W{J(2), J-o(2)} =Tp4s()T-s(2) + (20T - 41 (2)
‘ =—2sin (m)/(r2)

BESSEL FUNCTIONS OF INTEGER ORDER

0.L18 Integral Representations

S b . .
Jo(2) = j; cos (z sin 0):10-—-% j; cos (2 cos §)do
9.1.19
4 f(ir
Yo(2) - J; cos (z cos 6) {y-+In (2z sin? 6) } do

9.1.20
J,(2) ='T%%ﬂ' cos(z cos 6) sin? 6dg
2 v 1
- s, =191 cos ety (> —4
9.1.21
J,,(z)=}r J;' cos (zsin 6—n#b) d
=i%'j: '8 003 (ng)dp
9.1.22

Jo(z)=1 fo " cos(2 sin 9—v6)do
AR
_%L €T i=r gy (larg 2| < }n)
Y, ()=t J; " sin(z sin 0—»8)do

—EJ; {e e cos (vr) e~ omn gy (larg z|<3w)

9.1.23
Jo(@)=2 [ sin(z cosh it (z>0)

Y °(z)-_—_.§ f. cos(z cosh t)di (2>>0)
9.1.24 ’

2 = (" si

T @)= [ S (i<t 200
2 A

9.1.25

HP) (Z) =ﬂ% f_:j" £° olob t=yt gy (Iarg 2'<§1")

B9 @)= [T et urg i<
9.1.26
T@=pk [ Dty

Totir 0 (@020

BESSEL FUNCTIONS OF INTEGER ORDER

Recurrence Relations

9.1.27 2

Eo1(2) +% (2 =7v %, (2)
E v (Z) _‘gﬂ-l(z) =2?:(2)

CU=%-()—% 6(2)
CU=—C D)+ €x(2)

& denotes J, Y, HV, H® or any linear combina-~
tion of these functions, the coefficients in which
are independent of z and ».

9.1.28 Jy(2)=—d(2) Yi(2)=—Y.(2)

If f,(z2)=2%,(\2") where p, ¢, \ are independent

of », then

9.1.29
Frar(@) S ra(2) = (20N 2%, (2)

(pHvfra(2) + (P—r9) frna(2) = 24N 2'"°f1(2)
2f W (2)=Ngz* fra(2) + (p—v0) . (2)
2fy(2) =—Ng2*fr11(2) + (2 +r0) f,(2)
Formulas for Derivatives
9.1.30

e diz ' (2%0(2) ) =2 a(2)

CLY e @)= @
(%=0,1,2,...)

9.1.31

P (z) =2l. {€-r(2) —(’lc) E r-r42(2)

+(3) Corsal@)— . H(FCna(a))
(k=0,1,2,...)

Recurrence Relations for Cross-Products

If
9.1.32
2,=J,(@)Y,(b)—J,(5)Y ,(a)
¢=J,(@)Y,(5)—J,(0)Y ,(a)
ry=J,(a)Y ,(b)—J,(b)Y }(a)
s,=J (@)Y, (b)—J, (b)Y (a)
then
9.1.33
Pv+1—Pr-l=—2— q.—% Ty
QV+I+T~- D -Ib- Dy
Trgat g —E Py + Prsr

»?
8.=§ Pv+1+§ pr—l_a ?

In the last integral the path of mtegra,non must

9.1.16
W{J'(z)’ Y,(Z) } =J'+l (z) Y,(Z) —J,(Z) YH-I (2)
=2/(xz)
9.1.17
W{H(2), H?(2)}=H®Q\(HD(2)— HO (HE2,(2)
= —4i/(xz)

lie to the left of the points £=0, 1, 2,

361
and

4
9.1.34 P8y— q.T,—r—,EE

Analytic Continuation
In 9.1.35 to 9.1.38, m is an integer.
9.1.35 (2™ ) =¢e™"* J,(2)
9.1.36
Y, (ze™ ) =e~™"1Y,(2) +2i sin(mem) cot(vr) J,(2)
9.1.37
sin(va) " (2¢™ ) = —sin { (m—1)vr} H " (2)

—e™  sin(myr) H® (2)
9.1.38
sin(vm)H @ (ze™ ) =sin { (m+1)va } HP (2)
+er*t sin(myr) H (2)

9.1.39
H® (ze™) = —e~mH® (2)
HS*) (ze"‘) = _e'rlHtl\(z)
9.1.40
L@)=d(z) Y.(2)=Y.(2)
HPE)=HP(E HP@=HP@ (vreal)
G ing Function and A d Series

9.1.41 e"“"’"=ki) t#I(z)  (t=0)

9.1.42 cos (z sin 0)=J(z)+2 g Jn(2) cos (2k)

9.1.43 sin (z sin ) =2 ,_Z..} Jusa(2) sin {(@k+1)0}
9.1.44

c0s (2 003 0)=Jo(2)+2 33 (—)4/x(2) cos (2he)
9.1.45 )

sin (z cos 0)=2 n@o (—)*Jax4a(2) cos {(2k+1)8}
9.1.46 1=Jo(2)+2J2(2)+2J4(D) +2(2)+ - . .

9.1.47
cos z2=dJo(2) —2J2(2) +2J4(2) —2J5(2)+ . . .

9.1.48 sin z=2J,(2)—2J5(2) +2J5(2)— . . .
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9.1.72
lim (#@e* (08 £} ==t Xu@  @>0)

For P;* and Q;

Continued Fractions

# see chapter 8.

9.1.73

J,(2) 1 1 1
Ta@ vz = 2tz — 2042)z —

efy 32/ (01} 32 {G+DO42)] |
I— - I—

Multiplication Theorem
9.1.74
.y 5 LD

(N—11<1)

If ¥ =.J and the upper signs are taken, the restric-
tion on \ is unnecessary.

This theorem will furnish expansions of &, (re')
in terms of €,ux(7).

Addition Theorems
Neumann’s

WL Gxo)= 3 Cm@ho)  (bl<lu)

The restriction [v|<|u| is unnecessary when

%=4J and v is an integer or zero. Special cases are
9.1.76 1=J3(2) +2§ Ji(z)

9.1.77
0= (D TanerD)+2 53 (@) Tn(®) (21)
k) -]

9.1.78

J,(zz)=.$0 FACEANORE > CORACEANC)
Graf’s

9.1.79

Gw) g x= 35 Cras@ i) oo kalloel < ful)
Gegenbauer’s

9.1.80
g’(10) =27() 2 (v4-k) Lrxl®) ({-u(‘u) +k(”) 0% (cos @)

(y;eo,—l, N i S

In 9.1.79 and 9.1.80,
w=-/(u?+v*—2uv cos ),
U—v oS a=w ¢O0s X, ¥ sin a=w sin X
the branches being chosen so that w—u and x—0
as v—0. C‘P(cos «) is Gegenbauer’s polynomial
(see chapter 22).

Gegenbauer's addition theorem.

1f %, v are redl and positive and 0 <a <, then w, X
are real and non-negative, and the geometrical
relationship of the variables is shown in the dia-
gram.

The restrictions [ve*'«|< |u| are unnecessary in
9.1.79 when ¥=.J and » is an integer or zero, and
in 9.1.80 when €'=J.

Degenerate Form (u= ®):

9.1.81

et ==T() ()™ 33 DT IO 8.
(»=0,—1,...)

N ’s Expansion of an Arbi vy Fi ion in a

Scriu of Bessel Functions
9.1.82 f(2)=auJo(2)+2 E adi(z)  (|2]<e)

where ¢ is the distance of the nearest singularity
of f(z) from 2=0,

1 ’
9.1.83 “‘=27if|=|-e' FO0Wd  (0<e'<o)

and O,(t) is Neumann’s polynomial. The latter
is defined by the generating function
9.1.84

AmJi@00+2 2 @00 (eI<ItD

0.(t) is & polynomial of degree n-+11in 1/t; Oo(t) =1/t,
9.1.85

p— /- n=2k+1
0.(t)= én(ﬂ. k. 1)‘(2) G,

The more general form of expansion

0.1.86  f(2)=au]y(2)+2 g @, 3:(2)

LAPLACE TRANSFORMS 1029
1(s) F()
29.3.126 MEias)  (a>0) 5 ﬁ
1
2312 ") (@>0) 5 Ze"+1a)=
0318 @B ) @>00=0,1,2,..) 5 +1a),
203129 [7—si (s)] 008 s+4+Ci(s) sin 8 5w
29.4. Table of Laplace-Stieltjes Transforms *
#(s) B(1)

29.4.1 f" 0 ®(1)

0
29.4.2 e®  (k>0) u(t—k)
29.4.3 1—1-" (>0) z":, w(t—nk)

] 5
29.4.4 iTem >0 >3 (= 1)"u(t—nk)

; .,

i -
29.4.6 e R () 233 (= 1)"ult—@n+1)k]
29.4.7 tanhks  (k>>0) u(t)+2 Z'} (—1)"u(t—2nk)

1 =
29.4.8 m_l_—a) (Ic>0) 2 é e“”'*""u[t—(2n+l)k]

-hs -
29.4.9 Einhe(lc_s+a) (>0, A>>0) 233 "ot —h—(2n+1)k)
inh (hs4-b o
29.4.10 m (0<h<h) = e (- h— @n DA
" —e~tult—h—(2n+1)k]}

29.4,11 g“,, @ e nt 0<be<lr < .. ) Z‘}, au(t—k,)

For the definition of the Laplace-Stieltjes
transform see [29.7). In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms involving Dirac’s delta function &§(2).
This “function” may formally be considered as

the derivative of the unit step function, du(t) =4(t)

dt, 50 that f :.. du(t)= f.. a(z)d¢={‘1) ggg;

The correspondence 29.4.2, for instance, then
assumes the form e“’=f e~ 8(L—k)dt.
o

¢ Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physics, vols. 1, 2, McGraw-
Hill Book Co., Inc., New York, N.Y., 1053.
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9. Bessel Functions of Integer Order

Mathematical Properties

is chapter are for Bessel func-
rder; the text treats general
antions used are:

ul.

teger or zero.

icted except where otherwise
ysed real in the sections devoted
3 9.9, 9.10, and 9.11.

ed for the Bessel functions is
15] and the British Association
7y Mathematical Tables. The
ten denoted N,(z) by physicists
gers.

are those of:

Bessel Functions Jand Y

9.1. Definitions and Elementary Properties

Differential Equation

9.1.1 22 j:‘f-{-z ‘3'2”4- (22— ) w=0
Solutions are the Bessel functions of the first kind
J.,(2), of the second kind Y,(z) (also called
Weber’s function) and of the third kind H{"(z), H*(z)
(also called the Hankel functions). Each is a
regular (holomorphic) function of z throughout
the z-plane cut along the negative real axis, and
for fixed z(#0) each is an entire (integral) func-
tion of ». When »= +n, J,(2) has no branch point

and is an entire (inteeral) funection of z.
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Dynamic dictionary of math
functions

Computer algebra:

— classic: polynomial to represent their roots + following tools: euclidian

division, Euclid algorithm, Grobner bases.

— modern: linear differential equation as data structures to represent
their solutions [SaZi94, ChSa98, Chyzak00, MeSa03, Salvy05] with
same tools as classical case but non-commutative.

— prototype ESF at http://algo.inria.fr/esf (65% of Abramowitz-Stegun)

— todo: interactivity, integral transforms, parametric integrals.
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ReActivity

Wendy Mackay, INRIA Saclay, Michel Beaudouin-Lafon, Paris 11,
J.-D. Fekete, INRIA Saclay, Olivier Chapuis, CNRS,

Mary Czerwinski, MSRR, Pierre Dragicevic, INRIA Saclay,
George Robertson, MSRR Emmanuel Pietriga, INRIA Saclay,

Aurélien Tabard, Paris 11 (PhD)
Logs of experiments for biologists, historians, other scientists

— mixed inputs from lab notebooks and computers,

— interactive visualization of scientific activity,

— support for managing scientific workflow.

III--I-I-II- l--“l--I-l-l_ -I_- II-I-I IIII[I'II\I! L UL LR

] Ilﬂilllﬂ HI\IIIIIIIIMI Il I'IIII \IIII I IVIIhH.
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ReActivity

Recent results:

— workshop on Interacting with Temporal Data at CHI'09 (35 participants)

— streamlining the computation of aggregated metrics on Wikipedia
“live” and small focused “Dashboard visualizations” tools

— WILD: Wall-sized Interaction with Large Datasets (32 screens, 8 Vicon, 1
interactive table expansions)

— Augmented Paper/Electronic Notebooks
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Adaptive Combinatorial Search
for E-science

Youssef Hamadi, MSRC Lucas Bordeaux, MSRC
Marc Schoenauer, INRIA-Saclay Michele Sebag, CNRS
Anne Auger, INRIA-Saclay

Parallel constraint programming and optimization for very large
scientific data

— improve the usability of Combinatorial Search algorithms.

— automate the fine tuning of solver parameters.

— parallel solver: “disolver”
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Adaptive Combinatorial Search
for E-science

— constraint programming: learn instance-dependent variable ordering

— evolutionary algorithms: use multi-armed bandit algorithms and

extreme values statistics

— continuous search spaces: use local curvature
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Image and video mining for
science and humanities

Jean Ponce, ENS Patrick Pérez, INRIA Rennes
Andrew Blake, MSRC Cordelia Schmid, INRIA Grenoble

Computer vision and Machine learning for:

— sociology: human activity modeling and recognition in video
archives

— archaeology and cultural heritage preservation: 3D object
modeling and recognition from historical paintings and
photographs

— environmental sciences: change detection in dynamic satellite
imagery
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Sciences in track B

DDMF computer algebra hard sciences

Adapt. search |constraints, machine learning |hard sciences, biology

Reactivity chi + visualisation soft sciences, biology

[.V. mining computer vision humanities, environment
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Objectives

— 30 resident researchers

— tight links with French academia (phD, post-doc)
— develop useful research for scientific community
— provide public tools (BSD-like license)

— become a new and attractive pole in CS research

— and source of spin off companies

— vision and medical
applications ?
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