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I  =  λx. x 
K =  λx. λy. x 
S =  λx. λy. λz. x z (y z)

are 3 generators of combinatory logic

Consider   :



Typed combinatory logic - Propositional logic

I : α → α 
K: α → (β → α) 
S: (α → (β → γ)) → ((α → β) → (α → γ)) 
M: α → β,  N: α  ⊢ MN: β

A → A 
A → (B → A) 
A → (B → C)) → ((A → B) → (A → C)) 
A,   A → B ⊢ B

Form
ulas

Typ
es

Terms

   ??
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Typed combinatory logic - Propositional logic
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Curry-Howard  correspondence

terms, programs

types

functions

hydrodynamics                   electricity

proofs

formulas

theorems, lemmas



typed lambda-calculus



a  theory  of  types

functions are terms, higher-order proofs

formulas may depend on terms, types are value dependent

proof may depend on types

full hierarchy of dependent types

consistency relies on well-foundation 

extension with inductive data structures

termination



a sequent calculus

h_1: A_1,   h_2: A_2, … h_n: A_n ⊢ B
written in Coq

h_1: A_1 
h_2: A_2 
… 
h_n: A_n  
=========== 
B

and by using  hypotheses, lemmas and theorems,  one finds

p: B



manipulating  environments

h_1: A_1 
h_2: A_2 
… 
h_n: A_n  
=========== 
A → B

h_1: A_1 
h_2: A_2 
… 
h_n: A_n  
h_n+1: A 
=========== 
B

h_1: A_1 
h_2: A_2 
… 
h_n: A_n  
=========== 
forall x:A , B

h_1: A_1 
h_2: A_2 
… 
h_n: A_n 
x: A 
=========== 
B



apply theorems

h_1: A_1 
h_2: A → B 
… 
h_n: A_n  
=========== 
B

h_1: A_1 
h_2: A → B 
… 
h_n: A_n  
=========== 
A

h_1: A_1 
h_2: A → C 
… 
h_n: A  
=========== 
B

h_1: A_1 
h_2: A → C 
… 
h_n: C  
=========== 
B

apply  h_2

apply  h_2  in  h_n



apply  equalities

h_1: A_1 
h_2: A = B 
… 
h_n: A_n  
=========== 
B

h_1: A_1 
h_2: A = B 
… 
h_n: A_n  
=========== 
A

rewrite  h_2



case  analysis

h_1: A_1 
h_2: A = B 
… 
h_n: A_n  
=========== 
B

h_1: A_1 
h_2: A = B 
… 
h_n: A_n  
=========== 
A

rewrite  h_2



examples of Coq proofs


