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Abstract

We offer a solution to the type inference problem for an extension

of Hindley and Milner's type system with generalized algebraic
data types. Our approach is in tvstrata The bottom stratum is

a core language that marries tyippéerencein the style of Hindley
and Milner with typecheckingor generalized algebraic data types.
This results in an extremely simple specification, whers con-

structs must carry an explicit type annotation and type conversions
must be made explicit. The top stratum consists of (two variants of)

an independerghape inferencalgorithm. This algorithm accepts

a source term that contains some explicit type information, propa-
gates this information in a local, predictable way, and produces a
new source term that carries more explicit type information. It can
be viewed as a preprocessor that helps produce some of the typ

annotations required by the bottom stratum. It is proseandin

the sense that it never inserts annotations that could contradict the

type derivation that the programmer has in mind.

Categories and Subject DescriptorsD.3.3 [Programming Lan-

guageg Language Constructs and Features—Data types and struc-

tures; Polymorphism; F.3.3.¢gics and Meanings of Prograrns
Studies of Program Constructs—Type structure

General Terms Languages, Theory

1. Introduction
1.1 Generalized algebraic data types

Generalized algebraic data typase a simple generalization of the
algebraic data types of ML and Haskell. They are strongly remi-
niscent of thenductive typeshat have long existed in the Calculus
of Inductive Constructions]. In the programming languages area,
Crary, Weirich and Morrisett] have exploited one particular gen-
eralized algebraic data type, known Bsto encode a correspon-

of abstract syntax trees is given a type parametso that values of
type term « are abstract syntax trees for object-level expressions
of type . For instance, Peyton Jones, Washburn, and Weitlith [
defineterm by associating the following data constructors with it:

Lit :: int — term int
Inc :: term int — term int
IsZ :: term int — term bool
If :: Va.term bool — term o — term a — term «
Pair :: Yaf.term a — term  — term (a x 3)
Fst :: YafB.term (a x ) — term «
Snd :: YaB.term (a x B) — term (3

This definition allows writing an evaluator that does not perform
Aany tagging or untagging of object-level values:

p(eval : Yoauterm o — o). At
casetof

| Liti—i
| Inct — eval t+1
| IsZ t — eval t =0
| If bt e — if eval b then eval t else eval e
| Pair a b— (eval a, eval b)
| Fstt— fst (evalt)
| Sndt— snd (eval t)

This program is well-typed in an extension of Hindley and Milner's
type system with generalized algebraic data types, such as the type
system MLGI defined i§3. (Throughout the paper, when we refer

to Hindley and Milner’s type system, we really mean its extension
with an explicitly annotated form of polymorphic recursion.)

A key mechanism is the introduction, atse constructs, of type
equations into the typing context. For instance, in the first branch of
eval, the variable, which has typéerm «, is known to match the
patternLit i, which, according to the declaration bit, has type
term int. As a result, the equatianm = int must hold within that

dence between compile-time types and run-time type representa-pranch. This equation is added to the typing context and exploited
tions. More recently, generalized algebraic data types have been pupy the typechecker to prove that the outcome of this branch, that is,
to a large variety of uses, under diverse names, by many authors;he integer variable, has typew, as required bywval’s signature.

among whom Cheney and Hinzg, 2], Xi et al. [23], Hinze [5],
Sheard 18], Sheard and Pasalid ], Pottier and Gauthier1f3],
and Pottier and Bgis-Gianasy4].

A typical use of generalized algebraic data types is writing a

safe evaluator for a simply-typed object language that does not

require values to carry run-time tags. The algebraic datatype

Nontrivial equations are also exploited in thec, IsZ, and Pair
cases.

1.2 Type inference

The papers cited above explain at length why generalized algebraic
data types are useful. Here, we take this fact for granted and focus
on thetype inferenceproblem. It is well-known that, provided re-
cursive definitions carry an explicit type annotation, type inference
for Hindley and Milner’s type system reduces to first-order unifica-
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up of equations between finite trees, conjunction, and existential
and universal quantification. Now, what happens when generalized
algebraic data types are thrown into the mix?

In short, “things become more difficult.” Indeed, when an equa-
tion such asy = int is available, a type inference system is faced



with choices. For instance, the integer variablean be assigned
type int or type«. Outside of thiscase branch,a andint cannot

that it produces types that are indeédsensitive to the order
in which the inference algorithm traverses the tfemd

be considered equal, so this choice becomes observable. How do e one that performiocal type inferencethat is,ad hocpropaga-

we resolve it without resorting to combinatorial search? Further-
more, how do we know that the equation= int is available?
That is, how do we determine which equations are available in the
first place? Inferring which equations are introduced @tse con-
struct requires inferring the type of the scrutinee. Thus, inference
of types and inference of equation systems are interdependent.

1.3 Related work

Simonet and Pottier20] show that type inference faiMG(X),

an extension oHM(X) [7] with generalized algebraic data types,
can be reduced to satisfiability of formulas in the first-order theory
of equality of finite trees, that is, of formulas made up of equa-
tions between finite trees, conjunction, existential and universal
quantification, andmplication Unfortunately, this problem is in-
tractable P2]. Simonet and Pottier suggest relying explicit type
annotationdgn order to produce formulas in a less expressive, more
tractable theory, but leave that as future work.

Stuckey and Sulzmanr2{] also reduce type inference to solv-
ing constraints that involve implications. They then develop incom-
plete constraint solvers. Unfortunately, this approach seems expen
sive, because solving can involve combinatorial search, and make

it hard to understand why a program is accepted or rejected. Of

course, the stratified type inference system presented in this pa
per is also incomplete. However, it is modularly decomposed into
a completeconstraint-based type inference systéd) @nd an in-
complete, butocal, shape inference systerf5(57). We believe
that this approach should lead to more predictable behavior.

Peyton Jones, Washburn, and Weiriéfi][describe a proposal,
implemented in version 6.4 of the Glasgow Haskell compiler,
which appears to work well in practice. They also suggest ex-
ploiting programmer-supplied type annotations. They argue that,
in the definition of eval, it is “clear” that¢ has typeterm «,
which implies that the equatiom = int becomes available in the
Lit branch. It is similarly “clear” that the outcome of this branch
should have typer. Instead of reasoning with implications, Peyton
Jonest al.apply the substitutiofx — int] to the expected type,
so that the expressianis checked against the expected tyipe,
with success.

Although Peyton Jonest al’s system aims at simplicity, its
definition is quite involved. To ensure thaype refinement [...] is
insensitive to the order in which the inference algorithm traverses
the tre€’; they distinguishwobbly typeswhich are inferred via first-
order unification, andgid types (our terminology), which are also
inferred, but in a simpler and hopefully mgreedictableway: rigid

types are found in explicit type annotations and propagated up and

down the tree according to a predetermined set of rules.
Wobbly types are identified by a dedicated type constructor,
written 3. This type constructor has no computational meaning. It

tion of explicit type annotations, either in Peyton Joaeal’s
bidirectional style, or in other ways.

This separation makes the presentation of the system more modular
and more compelling. Furthermore, it allows identifying choices
and issues in the design of the local type inference component that
were not explicit in Peyton Jonex al's paper. In particular, we
highlight and discuss soundnessssue that was not addressed by
Peyton Jonest al.

We first set the stage by introducing a type system that extends
Hindley and Milner’s type system with generalized algebraic data
types €2 and §3). This type system defines the programs that
we deem sound and would ultimately like to accept. It does not
require any explicit type annotations (except, following common
practice, at recursive definitions), because it is not meant to allow
type inference. We refer to it as MLGI (readit. with generalized
algebraic data types implicit style”).

Then §4), we introduce a type system that restricts MLGI by
requiring explicit type annotations wherever generalized algebraic
data types are involved. More specifically, type equations can be

Sjntroducedinto the typing context, at aase construct, only if

the scrutinee carries an explicit type annotation. Furthermore, type
equations can bexploitedonly via explicittype coercionsWe re-

fer to this type system as MLGX (readVfL with generalized alge-
braic data types inlicit style”). The benefit of these restrictions

is that MLGX enjoys traditional type inference in the style of Hind-
ley and Milner: that is, type inference for MLGX can be reduced to
first-order unification under a mixed prefix.

Programming directly in MLGX would be quite painful, be-
cause of the many explicit type annotations that MLGX requires.
To alleviate this burden, we next desitpcal type inferenceal-
gorithms that accept a program that contains some explicit type
annotations, propagates this information in a predictable way, and
produces a new program that carries more type annotations. These
algorithms can be viewed as preprocessors that help produce some
of the type annotations required by MLGX.

Our local type inference algorithms propagateapes(§5).
Roughly speaking, shapes are types that contain holes. A hole ap-
pears where a wobbly type would appear in Peyton Jehes's
proposal. This formalizes the intuition that the types “inside the
wobbly boxes” should be invisible to the local type inference com-
ponent. Our shapes have pleasant algebraic properties and seem
particularly well-suited for expressingcompletéknowledge about
types in (variants of) Hindley and Milner’s type system.

We present two local type inference (@rape inferengealgo-
rithms. The former §6) closely follows Peyton Jonext al’s bidi-
rectional propagation technique. The lattgT)(enhances the for-
mer by performing checking and inferensienultaneoushand by

sometimes has to be erased or pushed out of the way: for instance§upportingteratedshape inference. These features lead, in partic-

is converted to7i] — at application nodes. Its
behavior is sometimes surprising: for instance, the application of a
type substitution to a wobbly typelis defined to benjitself. These

and other aspects make it difficult to understand the deep meaning

of “wobbliness” and to predict when a type has to be wobbly.

1.4 Our approach

In short, we believe that the ideas behind “wobbly types” are good,
but that they could and should be better presented and explaine
In particular, one should clearly separate two subsystems:

e one that performgraditional type inferencen the style of
Hindley and Milner, and enjoys principal typesproperty, so

ular, to a more accurate and les$hoctreatment of application.

2. Preliminary definitions

Algebraic data type constructorsWe assume that a number of
algebraic data type constructors, writtenare given. Every alge-
braic data type constructeris parameterized ovewo groups of

type parameters: that is, applicationszofire of the forme 7, 7,
where7; and7, are vectors of types. We refer to parameters in the
first group asordinary and to parameters in the second group as
generalizedWhen the second group is emptyis said to be aor-
dinary algebraic data type; when it is nonemptys ageneralized
algebraic data type. For instance, the algebraic data type construc-



Types 7 u=
Type variable o
Function type |7 — 71
Algebraic data type |eTT
Type schemes o ::=Va.r
Simple type annotations 0 ::= 35.7
Polymorphic type annotations ¢ ::= 35y.0
Type coercions  « ::=37.(1 > 7)
Terms ¢t =
Variable x
Function | Az : 0).t
Function application tt
Local definition letz = tint
Fixpoint u(z ).t
Data constructor application Kt...t
Case analysis casetof ¢
Type variable introduction Va.t
Type annotation (t:0)
Type coercion (t: k)
Clauses c¢:=p.t
Patterns p:=K 3%
Equation systems E :=true |71 =7 | EAE
Constraints C' :=

Equations and conjunction
Existential quantification
Universal quantification

true|T=7|CAC
| 37.C
| Va.C

Figure 1. Types, terms, constraints

coercion3y.(m1 > 72) binds#¥ within a pair of types(r1 > 72).
The instance relation8 < 7, ¢ < o, andsx =< (11 > 72) are
defined accordingly.

When possible, we follow the informal convention that the
metavariablesy and 8 represent “rigid” (universally bound) type
variables, while the metavariabierepresents “flexible” (existen-
tially bound) type variables. However, some type variables play
both roles in different contexts, so this convention doesn’t always
make sense.

Terms In every\-abstraction, the bound variablecarries a sim-
ple type annotatiofl. The unannotated abstractiam.t can be de-
fined as syntactic sugar for(z : 3v.v).t, since every type is an
instance of the uninformative annotatién.~. Similarly, in every
fixpoint, the bound variable carries a polymorphic type annota-
tion ¢, so as to avoid the difficulties associated with polymorphic
recursion in the absence of any annotatidjn Wheng is 3., the
type of z is inferred, but must be monomorphic.

Every case construct involves a vector of clausgsA clauseis
a pair of apatternof the form K 3 z and of a termt, where$ and
Z are bound withirt. For simplicity, we deal with shallow patterns
only. The length of must match the number of type variables
introduced byK'.

In the construcVa.t, the type variables are bound withir.
They are interpreted as universally bound, which means tthat
should be well-typed under every instantiation of these type vari-
ables. In practice, one should also introduce the dual construct
Ja.t, where the type variables are existentially bound, so that
must be well-typed under some instantiation of them. Instead, in
this paper, we build existential quantifiers into type annotattbns
and¢ and type coercions. This simplifies our presentation, be-

tor term of §1 has one generalized type parameter and no ordinary cause every type variable that appears free inside a type annotation

type parameters.
Distinguishing these two groups of type parameters allows us

to deal with ordinary and generalized algebraic data types in a

uniform way, instead of making them two separate notions. This

or type coercion can be assumed torlggd, that is, to be univer-
sally quantified somewhere up in the term.

Equation systems and constraintsAn equation systenk’ is a

eliminates some redundancy in our presentation. Furthermore, this(Possibly empty) conjunction of type equations. Equation systems
approach provides us with some extra expressiveness: a single2® used in typing judgments to keep track of the type equations
algebraic data type can have both ordinary type parameters, whichintroduced atase constructsConstraintsencode unification prob-

are inferred via constraint-based type inference, as in Hindley and léms, where “unification” means first-order unification under a
Milner’s type system, and generalized type parameters, which haveMixed prefix. Constraints are used to express type inference prob-

to be explicitly provided by the user or inferred by a local shape
inference algorithm.

As we will see, legacy programs, which involve ordinary alge-
braic data types only, do not require any explicit type annotations.

Data constructors We assume that every algebraic data type con-
structore comes with a number of data constructors, writf€n
Every data constructoK is assigned a closed type scheme by a
declaration of the form

K::Vdg.ﬁ X...XTp > EQT,

wherea#3 andftv(7) C (. (Since the type scheme is closed,
we also havetv(ri,...,m) C a3.) Here and elsewhere, 3,
and¥ stand for vectors of distinct type variables. The length of the
vectorg is the number of type variabléstroduced byK . We write

K < o whengo is an instance of the type scheme assignell to

Types A number of syntactic categories that are used throughout
the paper are defined in Figule A typer is a type variablex,

a function typer; — 72, or an application of an algebraic data
type constructoe to vectors of type parametefs and7;. A type
schemeva.r binds a vectom of type variables within a type.
Every type of the fornja — 7] is aninstanceof the type scheme
Va.r. We writec < 7 whenr is an instance of. Similarly, a
simple type annotatiofiy.T binds¥ within a typer; apolymorphic
type annotationdy.c binds 4 within a type schemer; and a

lems. Satisfiability entailment andequivalenceof constraints are
defined via a standard interpretation in the Herbrand universe, that
is, in the finite tree model. We writ€; I+ C> when C; en-
tails C>. We also define”' I+ 35.(m1 > 72) as syntactic sugar for

Ik V7.(m1 = 72). Intuitively, C' I+ x means that, according to
the constrainCC, all instances of the coercion are valid. This is
further explained ir§3.

3. Anideal type system

MLGI is an extension of Hindley and Milner’s type system with ex-
plicit type annotations and generalized algebraic data types. Itis the
“ideal” type system that we are interested in. MLGI is expressive,
but type inference for it is not easy: in particular, it does not have
principal types. As a result, we later develop type systems where
some type annotations are mandatory, and prove them sound with
respect to MLGI.

Presentation MLGI'’s typing judgments are of the forn, T" +

t : o, whereFE is an equation systenh, assigns type schemes to
variables,t is a term, andr is a type scheme. The type system is
defined in Figure.

The presence of generalized algebraic data types in the language
requires keeping track of the equations that have been discovered
at case constructs. This is the role af. This equation system
is augmented by rul€LAUSE and is exploited by rule€onv



APP

VAR LAM ETkti:m — 7 LET
(x:0)el E,T;z:m)bEt:m 0<7 ETkHty:m ETkti:0o ETiz:o)kFty:T
ETkz:0o ETEXNz:0)t:71 — T2 ETFtita:m E,Tkletz = tyinta: 7
CsTR CASE
FIx K1 X...XTh mT1 T2 ETlFt:n
E Tiz:0)kFt:o s=Xo Vi E, TRt :7 Vi E,T'Fc¢:m— 7
ETFulx:q)t:0o ETEKt ...ty :eT1 T2 E, 't casetofcy...cp: 72
FORALL ANNOT COERCE
ETkHt:7 a# ftv(E,T) ETkFt:7 0= ETkFt:m k=X (11 > T2) E -k
E, T FVYat:VYa.r ETE({t:0):7 ETF(t:k):7
Conv GEN INST
ETkEt:m Elr1=m ETkHt:T a#tftv(E,T,t) ETlTkt:o o=xT
ETFt:m E,I'Ft:Ya.r ETkHt: T
CLAUSE ~
piem b (B, E,T) EANE T Ft:m PAT B B
B# ftv(E, T, 12) KXV X...XTp €T B# ftv (71, T2)
ETlTkpt:eni T — T KBzi...xn:emimob (B,Ra=7,(x1:7T1;...;%n :Tn))

Figure 2. ML with generalized algebraic data typesinplicit style (MLGI)

and CoeRcE which perform implicit and explicit type coercions,  exploit this convention to avoid assigning explicit names to entities

respectively. that we are not interested inBAT's first premise is somewhat
Conv allows replacing a type; with another typer, at any different:
time, providedE I+ 71 = 7» holds, that is, providedr guaran- K=VBT X...XTh D enT™

tees that this conversion is valid. This rule is not syntax-directed. T4t is, we take an instance of the type scheme associated with
CoERCEserves the same purpose, but is syntax-directed: the spe-g- by substituting the actual ordinary type parametardor the

cial_ construct(¢ : K) is interpre_ted as an explicit request for a co-  5rmal ordinary type parameters. (This leaves the generalized
ercion. In the simplest case, is of the form (7, > 72). In that type parameters unaffected, since their free type variables form
case, the second premise vanishes, and t.he thlrd premise becomes$ ¢ pset of3.) This substitution determines the typss. . . , 7.

EIF 11 = 5, soCoERCEandCONV have identical premises. IN - \e are now ready to rea®aT’s conclusion: the body of the clause
the general case, the structurerefandr, is only partially speci-  gyarded by this pattern should be typechecked in the scope of the
fied by the programmer, that is,is of the form37.(r > 72). This rigid type variables3, under the assumption that the equations

is interpreted as a request to convert betwegand 75, for some 7, = 7 hold, and under the assumption that everhas typer;.
value of the “flexible” type variableg. To ensure soundnesal] The equations, = 7 are obtained by confronting the generalized
such coercions sQou/Id belvalld, which is whylk « is defined in type parameters found in the scrutinee’s type, narmglwith those
that case a& I~ V.71 = 73. found in the definition of’, namely7.

Explicit type coercions really are of no use in MLGI, since ] o )
implicit coercions are also allowed. They become essential in Soundness A closed term, oprogram is well-typed if it admits
MLGX (§4), whereConv is suppressed. a type under an empty equation system and in the empty environ-

Rule CLAUSE is invoked by ruleCASE to typecheck a clause ~ Ment. Programs can be given a call-by-name or call-by-value se-
of the formp.t. The patterrp binds variables and type variables ~Mantics using operational or denotational techniques; this defines
within the term¢, and also introduces new equations. To reflect What it means for a program to “go wrong.”

this, CLAUSE's first premise confrontp with the typer, of the Claim 3.1 (Soundness for MLGI) Well-typed MLGI programs do

scrutinee, giving rise to new type variabl@s equationsE’, and not go wrong. S
variable bindingsl’, which are used in the second premise to
typecheck the term _ 4. A m with explicit annotation

Rule PAT confronts a patter& 5 x ...z, with the type of the ) typ? syste th explicit annotations .
scrutinee. Obviously, this type must be of the formy, 72, where We now define a type system, known as MLGX, where the diffi-

¢ is the algebraic data type constructor ttatis associated with. culties associated with generalized algebraic data types are avoided
The rule is simple but subtle: the main point is that ordinary and thanks to mandatory type annotations. The idea is simple. First, we
generalized type parameters are dealt with in different ways. Let forbid implicit type conversions, so the only way of exploitiAgs

the type scheme associated withbe of the form now via explicit coercions. Second, we require everse scrutinee
_ to carry a type annotation, so that it becomes easy to deterfine
K Vap.x x...x*x —eaT In short, MLGX could be described as a type system that marries

traditionaltype inferencéor Hindley and Milner’s type system and

(Note that we choose the type variabj@¢shat appear in this type type checkindor generalized algebraic data types.

scheme to be the same as the type varialethat appear in
the pattern. Furthermore, here and elsewhere in the paper, everyPresentation MLGX is defined in Figure3. Most of the rules are
occurrence of stands for a distinct anonymous metavariable. We shared with MLGI and are not repeated.



X-CASE
ETkH(@t:0):m
Vi E,T'F (pi:0)t;:71 — T2
E,TFcase(t:0)of pi.t1...pntn : T2

X-CLAUSE _
pren T b (B, E T EANE I Ft:m
S# ftv(E, T, 12) F# ttv(E, T, t, 12)

E,TF (p:37.e x )t :eTix— T

)

All of the rules that define MLGI, excef@oNV, CASE, andCLAUSE, repeated here.

Figure 3. ML with generalized algebraic data types ipécit style (MLGX)

As announced earlier, implicit type conversions are disallowed
in MLGX. That is, ruleCoNv is suppressed, so th@bERCEmMuSst
be used instead. We maintain the invariant thatequation system
is rigid, that is, all of the type variables that appear witfiincan
be interpreted as universally bound. As a result, in terms of type
inference,COERCES last premiseFE I+ x, now meangheck that
E implies the validity ofk, rather tharsolve for the flexible type
variables withinE' so thatE implies the validity ofc. This is the
key idea that drives the design of MLGX.

Rule CASE is suppressed and replaced wKRCASE. In the
new rule, the termt must carry an explicit type annotatiéh The
first premise passes on to ANNOT, thus checking that the type
ascribed ta is indeed an instance éf The second premise passes
0 on to X-CLAUSE, where it is exploited to determine which new
equations arise inside the clause.

We define the unannotatedse constructcasetof ¢ ...c, as
syntactic sugar fokase (¢ : 39192.€ 1 72) of c1...cn, Where
the appropriate type constructois determined by examining the
patterns that guard the clausgs . . ¢,,. Thanks to this convention,

legacy programs that do not exploit generalized algebraic data types

need not be annotated at all: that is, MLGX is a conservative
extension of ML.

RuleCLAUSE is suppressed and replaced whCLAUSE. The
key change is in the first premise. DLAUSE, the generalized
type parameters,, found in the type of the scrutineare used to
determine which new equations appear. In terms of type inference,
this is problematic, since the typés are initially unknown and
have to be inferred. For this reason XRCLAUSE, these types are
disregarded—which we emphasize by writirgnstead of7, in
the rule’s conclusion. Instead, the generalized type paramgters
found in the explicit type annotatipare used to determine which
new equations appear. In terms of type inference, this is good—no
guessing is involved.

The typesr;, contain occurrences of the type variabiesAs a
result, so does the equation systé&h These type variables stand

for yet unknown types, so they must be considered abstract when

typechecking, that s, in the second premise. This is guaranteed by
the last side condition. Thus, the invariant that the equation system
is rigid is maintained in the second premise.

Determining which new equations arise by relying on a possibly
incomplete type annotation, as in MLGX, instead of on the actual
type of the scrutinee, as in MLGI, entails a loss of information. Be-
causer is a possibly strict instance &fy.75, the new equations
obtained by relying o, are implied by, but possibly weaker than,
those obtained by relying of. As a result, the equations available
in an MLGX type derivation are in general weaker than those avail-
able in an analogous MLGI type derivation. Still, when the type an-
notations are sufficiently specific, that is, whe# ftv(7;) holds,
then the vectors, and7; coincide, so the equations available in
MLGX are identical to those available in MLGI.

Soundness and completenesét is straightforward to show that
every well-typed MLGX program is a well-typed MLGI program.
In combination with Clain8.1, this implies that MLGX is sound,

that is, well-typed MLGX programs do not go wrong.

Theorem 4.1 (Soundness for MLGX)If E,;T" + ¢ : o holds in
MLGX, then it holds in MLGI as well. o

It is also clear that every well-typed MLGI program can be turned
into a well-typed MLGX program by adding enough type annota-
tions. In short, it is sufficient to replace every implicit type conver-

sion with an explicit type coercion, to add an explicit type anno-

tation to everycase expression over a generalized algebraic data
type, and to explicitly bind the type variables that appear inside
these new annotations.

Theorem 4.2 (Completeness with assistance for MLGX) De-
fine equivalence up to annotatignsritten =, as the reflexive and
congruence closure of the following axioms:
t=t  a#ftv(t) t=t t
t =Va.t t=(t:0) t= (k)
If E,T Ft: o holds in MLGI, then there exists a tetthsuch that
t =t holds andE,T - t' : o holds in MLGX. o

’

~

Example Here is theeval example o1, augmented with enough
explicit type annotations to make it a well-typed MLGX term:

w(eval : Va.term a — o). Va.At.
case (t : term «) of

| Lit ¢ — (i : (int > @)
| Inct — (eval t+ 1: (int > «))
| IsZ t — (eval t = 0: (bool > )
| If bt e — if eval b then eval t else eval e
| Pair 51 B2 a b — ((eval a, eval b) : (81 X B2 > )
| Fst B2 t — fst (eval t)
| Snd B1 t — snd (eval t)

The first change is the explicit introduction of the type variab)e

on the first line. This is required in order to allow references to

the type annotations that follow. In a surface language, one could
add sugar and adopt the convention that the first occurrence of
binds « not only in the typeterm a — «, but also in the term
that follows. Glasgow Haskell, for instance, allows this. In fact,
this turns out to be helpful for local type inference, so we introduce
this convention (and writg* instead ofu) in §6 and§7.

The case scrutineet now carries the explicit type annotation
term «, SO as to allowX-CASE and X-CLAUSE to determine
which type equations arise within each clause.

In the Lit clause, the variablghas typeint, which we want to
convert toa, so an explicit type coercion is required. Analogous
coercions appear in thbuwc, IsZ, and Pair clauses. In thePair
clauseq is known to be equal to a product type x [Go.

Type inference for MLGX Type inference for MLGX is analo-
gous to type inference for an extension of Hindley and Milner's
type system with explicit type annotations. There exists a standard
reduction of the latter to solving constraints, that is, to first-order
unification under a mixed prefid f]. It can be presented as a trans-
formation, written(-)) and known asonstraint generationthat
maps a candidate judgememtT" - ¢ : 7 to a constraint. In short,

T" andr can be thought of as an “expected typing” for the térm
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Figure 4. Constraint generation for MLGX (excerpt)

and the constrainf £,I" - ¢ : 7)) expresses the requirements that
the type variables ifitv(T', ¢, 7) must meet for this typing to be-
come valid. Note that can be a type variable, so we do infer types
for terms, even though an “expected type” has to be provided in this
formulation.

We do not repeat the standard reduction of type inference to
constraint solving. Instead, we show how it is extended to cover the
new constructs in MLGX. This requires four constraint generation
rules (Figured). For clarity, the side conditions that require all type
variables to be chosen “sufficiently fresh” are omitted.

Rule G-CoeRceEfirst checks thaf entails the validity of the
coercion3y.(r1 > 72). This check is easy to implement: provided
~# ftv(E) holds, it is equivalent to computing a most general
unifier of £ and checking that it is also a unifier ef = 7.

If the check fails, constraint generation fails as well. If the check
succeeds, then constraint generation proceeds. Thetteymow
expected to have type, but the type that is made visible to the
outside isto. The constraint that is produced is identical to what
would be obtained by applying a function of typg.m1 — = tot.

G-CAsE is simple. The type annotatighis transmitted down
both sides. The flexible type variabjestands for the unknown type
of the scrutinee.

G-CLAUSE paraphraseX-CLAUSE. The type scheme assigned
to K is looked up. The constraint first binds the ordinary type pa-
rametersy existentially they are inferred. Then comes a conjunc-
tion. The conjuncB¥;.(7" = £ a#¥3) determines appropriate val-
ues fora by equating the scrutinee’s expected typavith e & 75.

The type variableg’; do not occur elsewhere: they serve only to
discard the generalized type parameters. In the second confunct,
is augmented with the equatiofi$ = 7, obtained by confronting
the type annotation with the type scheme assigneld tdhe type
variables that occur within these equations are (a subsetf)
These type variables armiversallyquantified up front, maintain-
ing the invariant that the equation system is rigid. The typing envi-
ronmentT is extended with appropriate bindings, and a constraint
that requires the clause bodyo have typer is produced.

It is worth noting that the expected typéof the scrutinee does
not influence the new equations that arise. As in MLGX, these are
determined solely by exploiting the informatiai found in the
explicit type annotation.

Theorem 4.3 (Type inference for MLGX) Let¢ be a type substi-
tution whose domain is disjoint withv(E, ¢t). Then,¢ is a unifier
of (E,T + ¢ : 7)) ifand only if E,¢(I") - ¢t : ¢(7) holds in
MLGX. o

This means, in particular, that MLGX has principal type sche-
mes, like Hindley and Milner’s type system.

Comparison with wobbly types The flexible type variables in our
type annotations (and in our shapes, $8eplay exactly the same
réle as wobbly types in Peyton Jonessal’s proposal L1]. They
write: “when performing match-unificatiofthat is, when deter-
mining which new equations arise, in this paper’'s terminology],
we make no use of information inside wobbly typés.our pre-
sentation, this goes without saying: flexible type variables are type
variables—that is, they stand for unknown types—so of course they
carry no information!

Peyton Jonest al. further write: “This simple intuition is sur-
prisingly tricky to formalisé.Indeed, their formalization requires
excising the wobbly types, performing unification, and re-inserting
the excised types back into the result. Technically, this involves
computing, composing, and restricting type substitutions—tricky
business. Here, no such tricks are necessary, because the unwanted
information simply isn't there in the first place. In other words,
in MLGX, the building of equation system&, which are used to
validate coercions, igntirely separatdrom the production (and
later solving) of constraint§’, which are used to perform tradi-
tional type inference in the style of Hindley and Milner. In Peyton
Jonest al’s presentation, the two are mixed, at least in appearance.
(They are also mixed with a form of local type inference, which we
discuss later on.)

There is in fact a slight difference between the flexible type
variables in our type annotations and Peyton Jated’s wobbly
types: a type variable hadentity, whereas a “wobbly box” doesn't.
For instance, the type annotati@n.term (v x ) has two holes,
but the two have the same identity This annotation is more pre-
cise thardyivyz.term (y1 X 72), which appears to correspond to
term ([T1] X [T2]) in Peyton Jonest al.'s formalization. We conjec-
ture that, in the Glasgow Haskell implementation, wobbly bales
have an identity—indeed, Peyton Jomgsl. write: “wobbly types
[...] simply arethe flexible meta variables that the inference engine
already use$.Our formalization may well be more faithful with
respect to such an implementation.

Because we work with explicit equation systems, as opposed
to most general unifiers, the fact that most general unifiers are not
unique is not a problem so far. It will become one (and require an
arbitrary choice) ir§5.2

Towards stratified type inference The strength of MLGX lies

in its simplicity and in the fact that it enjoys type inference and
principal types in the style of Hindley and Milner. Its design, which
marries type inference for the core language with type checking for
generalized algebraic data types, appears to be robust, in the sense
that no variations have come to mind so far.

Unfortunately, from a user’s standpoint, MLGX is not very
expressive. In thewal example, it requires a lot of explicit type
information. One might say that MLGX does not attempt to do
type inferencefor generalized algebraic data types; it only does
type inferencen their presence

In the case okwal, it should not be very hard to guess which
explicit type annotations must be added to the program. The signa-
ture given at the: binder specifies thatval has typeterm a — «,
soitis “clear” that the variableshould have typeéerm o and that

The constraint generation rules can be proven sound and com-€very branch of thease construct should have type. The for-

plete with respect to the specification of MLGX. The extra proof

mer remark allows inserting the type annotat{on term «). The

cases that must be added to the standard proof are straightforwardlatter, applied to thelit branch and combined with the fact that

“clearly” has typeint, allows inserting the coerciofint > «). It



vy where the type variablegare bound within the type. We refer to
(71.11) = (2.12) = MY — T2 the type variableg asflexible A flexible type variable represents

T # ttv(2), 72 # ftv(m) a type that is either unknown (so the shape — ~ would ade-
D(L) = 1 quately describe a value of type, sayt — int) or a polymorphic
D(y.11 — %) = 7.7 type variable (so the shapey — ~ also describes the polymor-
C(L) = 1 phic identity function, whose type schemevis.y — ~). Shapes
C(yx — 72) = 7.2 are not necessarily closed. Their free type variables are interpreted

asrigid—that is, they are type variables that have been explicitly
universally quantified by the programmer. For instance, the shape
~v.a X 7y describes a pair whose first component has typehere
the rigid type variablex was introduced by the programmer, and
whose second component has unknown type.

Shapes bear close resemblance to simple type annotations. We
often implicitly convert the simple type annotatiéf.r into the

Figure 5. Basic operations on shapes

is similarly “clear” which coercions should be added to the other
branches. Isn't it a shame for a type inference system to be unable
to take advantage of information that is so “clearly” apparent in the shapey.. We also convert polymorphic type annotatiGsva.r
programs . . . . into shapes, but that is done explicitly.

Our answer is to design a separate transformation that discovers Figure5 introduces a few basic operations on shapes. e
the epr|C|_t type information in the original program, propagates it, tomshapey.~y is written L. This shape carries no information what-
and _e>_<pI0|ts itto proo_luce atransforr_ned program that contaore soever. Out of two arbitrary shapesandss, one can build dunc-
explicit type annotations and coercions. The transformed program tion shapes; — s2. Conversely, out of an arbitrary shapeone

can then be passed on to MLGX's type inference algorithm. We can attempt to extradomainandcodomairshape(s) andC(s).

refer to this two-stage appro?“?hﬁ@“f'ed type |nf_erence - These operations are definedifs the bottom shape or a function
Contrary to what one might think, propagating explicit type shape, and undefined otherwise
information is not easy—if it were, we would have built this feature ' '

into MLGX in the first place. Many design choices soon arise, and 5.1  Ordering shapes
most designs are incomplete, that is, reject programs that are valid

in MLGI. From this remark. we draw two conclusions: Shapes are equipped with a standard instantiation ordering, defined

by the single axiom
e it is worth separatingthe robust, well-understood back-end
(MLGX) from the moread hocfront-end.
¢ because its design &l hog the front-end should b&impleand
predictable

%#ftv(ﬁl.n)
1.1 =2 72.[’71 — 77'1]ﬁ

E le 5.1Weh . < . .
Ad hocmethods of type inference have been studied, for instance, xample 5 e have(yi.a x ) X (2.0 x (@ = 72)) °

by Pierce and Turnerlp], who introducelocal type inference as  This confers a rich structure to the set of shajgesiiapter 5]:
a means of achieving simplicity and predictability. They write:
“missing annotations [should be] recovered using only informa-
tion from adjacent nodes in the syntax tree, without long-distance
constraints such as unification variable®ther, more recent type  This result implies that any finite set of shapes that admits an upper
inference systems, such as Peyton Jated.’s approach to intro- bound must in fact admit a least upper bound. The least upper
ducing arbitrary-rank predicate polymorphism into Hask&ll [ or bound of two shapes; ands: is written s, L s2, when it exists,
Peyton Jonest al’s “wobbly types” proposal11], also use forms and can be computed via first-order unification.

of local type inference.

In the following, we design two such local type inference sys-
tems. The first designs6) closely follows Peyton Jonest al’s
“wobbly types” proposal, with a few changes and improvements,  Shapes do not share flexible type variables, so that no “long-
and explains how “wobbly types” are recast in terms of stratified distance” unification takes place during shape inference: this was
type inference. The second desigif)(addresses improves in accu-  announced as the key property that makes inference “local.” Yet,
racy over the previous one. Neither is definitive: many more could the least upper bound operation over shapssinvolve unifica-

Theorem 5.2 (Huet) Shapes form a well-founded lower semi-lat-
tice, whose least element.is o

Example 5.3Recall thatint — L stands fory.int — ~. Then, it
is easy to check thdty.y — ~) U (int — L)isint — int. o

be imagined. tion. This is important: a local type inference algorithm that did not
Because the program produced by the front-end is submitted to involve anykind of unification would be quite imprecise.

MLGX, the local type inference algorithm has no obligation of re- The definition of the ordering can be generalized so as to make

jecting invalid programs, or of fully determining the type of every it relative to an equation systeff. The original definition is recov-

expression. Instead, it is perfectly fine for it to manipulizigom- ered whenk is true.

plete (that is,approximaté type information, and to produce new
type annotations and coercions only where enough information is
available. For this reason, both of our designs are basstiapes

Definition 5.4 We write E I s; < ss if and only if there exists
a shapes such thats; < sand F IF s = sz hold. We write

that is, approximate type schemes. Shapes, introduced $@xt (£ IF 51 = s2 WhenE I- s, < sz and £ I 55 = 51 hold. ©
can shareigid type variables, but cannot shéftexible (* unifica- Example 5.5Let s; bevyi.a x 1 andsy beys.int X (o — 72).
tion”) variables. This is why shape-based algorithms can be deemedThen,s; < s, does not hold, because the rigid type variahle
“local” cannot be instantiated tmt, buta = int IF s1 < so does. o

5. Shapes 5.2 Normalization

Shapesre defined by Shapes that are syntactically incompatible (that is, do not have a

common upper bound) should sometimes be viewed as compatible.
For instance, lef consist of the equatioa = 31 — (2. If some

®
Il

‘,2‘
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expression is found to have both shapand shape.3; — ~, then equationa = S is no longer available, so doesmake a differ-

a sensible shape inference algorithm should not fail, nor should it ence whether the branch is deemed to have shapes. That is,
conclude that this expression has shapénstead, the two shapes interpreting shapes “up t&” requires extra care wher shrinks
should be successfully combined, yieldifg — 32, as opposed An arbitrary choice between and could produce a transformed

to «, because the latter imore informative it exposes the fact program that is ill-typed in MLGI. Instead, one must abandon this
that the expression can only evaluate to a function. (If the domain unreliable piece of information and report that the branch has shape
operatorD(-) is later applied tg8; — 32, it will successfully yield L, which certainly is a sound approximation. We refer to this pro-
(31, whereas applyin@®(-) to o would fail.) cess apruning

To extract as much information as possible out of a shape
we normalizeit with respect toE. When E contains an equation
«a = 7, wherer is not a type variable, then normalization rewrites
aintor.

The definition of normalization is simple, but introduces a mea-
sure of arbitrariness into the system: indeed, wiierelates two
type variablesy and, a choice has to be made between rewriting Pruning is performed at the boundary between an equation
« to 3 or vice versa. This ch0|ce_ influences hovy the Program is gystemp and a richer equation systef\ E'. A shapes’ is given.
transformed by the front-end, which means that it also has an im- Tha denotation o’ underE is always a subset of its denotation
pact on the type error messages produced by the back-end (MLGX)nger A . If we are unlucky, it is a strict subset, which means

when the transformed program doesn't typecheck. that the denotation of’ silently changes when we move from
In the following, we assume thdf is satisfiable. Because we E A E' back toE. Prunings’ consists in discarding information

interpret constraints in a finite tree model, this implies thals iy grder to avoid this phenomenon, that is, in determining the most
acyclic. This hypothesis guarantees that normalization, as deflnedpreciSe shapesuch thak < s’ holds and the denotation etinder
below, terminates. It is in fact possible to deal with cyclic equation ' -qntains that o’ underE A E.

systems, and doing so is indeed necessary when the type system

features equirecursive types. We omit this discussion. Example 5.8 Let E betrue andE’ bea = 31 x 32. Then, pruning
the shape’ = ~.a — ~ with respect ta andE’ yields the shape
s = y172.71 — 72. Indeed, the denotation &f underE A E’

' Definition 5.7 The denotation of underE is the set of all types
such thatE I- s < 7 holds. The shape obtained by prunisignith
respect toF and E’, written s’ | g g/, is the least upper bound of
the shapes such thats < s’ holds and the denotation afunder
E contains that o’ underE A E'. S

Definition 5.6 Let < be a fixed, arbitrarily chosen total ordering
overftv(E). Then, the rewriting relatior~ 5 on types is generated . iains all types of the forri, x B2) — 7, which its denotation
by the axioms: underE’ does not contain, so the sub-teemmust be pruned. The
a ~g o fEIFa=cd andd < « denotation ofs underE does contain all such types.
a ~vp ETLTo fEIFa=c7 T

o ~p o1 fEIFa=1 — Of course, pruning cannot guarantee soundness unless we have

exact knowledge of the current equation system. Indeed, pruning

This relation is confluent and terminating. We writé z for the with respect to an under-approximation Bf and E’ might lead
normal form of the type. We writes | g for 4.(7 | £ ) whens is to keeping sub-terms that would be discarded when pruning with
.7 andy# ftv(E) holds. The notation8 | z and< | z are defined  respect toE and E’. In other words, pruning with respect to
similarly. © under-approximations of the equation systems is just as good as no

pruning at all: it is unsound! As a result, & and§7, we insist

on determining the current equation system with precision. An
opposite decision is made by Peyton Joetksl. [11]. We compare
the two alternatives ig6.

In Peyton Jone®t al's proposal 11], normalization is per-
formed by picking an (arbitrary) most general unifigof £ and
applying it to the type that should be normalized. This substitution
process stops at “wobbly boxes,” that i(7]) is defined aszl.
Here, this corresponds to the fact that normalization does not affect .
flexible type variables. 6 The Shape |nference SySteM/Ob

The shape toolbox developed§h provides the building blocks to
develop a local type inference (shape inferengealgorithm that
One problem still hasn't been discussed: can we guarantee that thecan be placed in front of MLGX in a stratified type inference sys-
front-end issound that is, that the type annotations and coercions tem. In fact, it is easy to think ahanysuch algorithms that differ
inserted by the front-end ae®rrectwith respect to the program-  in how information is propagated through the abstract syntax tree.
mer’s intent? Here, in§6, we describe one such algorithm, which we dabh
Assume the original program is well-typed in MLGI (although It is intended to emulate Peyton Joretsal’s “wobbly types” pro-
perhaps not in MLGX, by lack of explicit type information). We  posal [L1], with a few differences. Next, i§7, we describe another,
certainly cannot expect the transformed program to always be well- more accurate algorithm. Both algorithms have linear complexity
typed in MLGX, because that would amount to requiring the front- under the hypothesis that all shapesnd equation systents have
end to performcompletetype inference for MLGI. However, we  bounded size.
should be able to guarantee that the transformed program is also Following Peyton Jonest al, Wobis bidirectional it operates
well-typed in MLGI. Indeed, if that is not the case, then the trans- either ininference moder in checking modeAn inference mode
formation is counter-productive: it inserts annotations that break judgement takes the fornt, T + ¢t ff s ~ t'. Its inputs are
the program! We claim that, when in doubt, one should insert no the equation systerv, the environment’, which maps variables
annotations at all, rather than insert incorrect ones. to shapes, and the term Its outputs are the inferred shape
Achieving soundness requires some care. Imagine that the equaand the transformed terti. A checking mode judgement takes
tion o = 3 is made available within @ase branch. Imagine further  the formE, T - ¢ | s ~ t'. It is analogous to an inference
that this branch has type In MLGI, it is also true that this branch ~ mode judgement, except the expected shaigenow an input. The
has types. As a result, it is fine to reason with shapes that are cor- definition of the judgments appears in Figére
rect only “up toE.” A shapes implicitly denotes the set of types An invariant is that, in either mode, the shapé normalized
such thatE I+ s < 7 holds. However, outside of the branch, the with respect toE. As explained in§5.2, normalizing shapes is

5.3 Pruning
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Figure 6. The shape inference systéffob

required in order to avoid “silly” unification errors. When we write
s1 L s2, we ensure thai; ands, are both normalized. When we
write D(s) or C(s), we ensure that is normalized. The shapes that
appear irl" arenot necessarily normalized. that normalizingr; andr, produces the same result. Becaugab
In general, the transformed temtis identical tot, except (i) all normalizes all programmer-supplied types, a type coercion in the
explicit type annotations are normalized, (i) new type annotations source term would degenerate to a simple type annotation in the
are added tease scrutinees, and (jii) type coercions are inserted at transformed term.
uses of _varlables and_ around somage c_Ia_uses. Normalizing type  presentation Rule VAR-1} looks up the shapeassociated with:
annotations can be viewed as a heuristic that attempts to increasgy the environment. It produces the inferred shape , thus satis-
the likelihood that the transformed term is well-typed in MLGX.  fying the invariant that the inferred shape is normalized with respect
We suppress the constryetz : 37.Va.7).t and replace itwith o £, This normalization step corresponds to a type conversion: the
the new construgt*(x : 35.Va.7).t, which is identical, except the type ofz, an instance of, is turned into an instance of| z . This
type variablesy are considered bound not only in but also int. must be reflected in the transformed term by inserting an explicit
In other words, the new construct can be viewed as syntactic sugartype coercion, so that the MLGX back-end knows what is going on.
for p(z : 3y.Ya.r).Va.t. This is exploited in the formulation of ~ The rule produces the ter(w | s), where(t | g 7.7) is defined
the rulesFix -1+ andFix-{. as syntactic sugar foit : 3y.(7 > 7 |g)), providedy # ftv(E)

We disallow explicit type coercions isourceterms, because
they are redundant with type annotations. Indeed3fpf > 72)
to be a valid coercionE I+ V5.1 = 72 must hold, which implies



holds. That is, for some value of the flexible type variabjeso
be inferred by MLGX, the type is being converted to | z . Rule
VAR-|} is analogous. The expected shapés ignored.

Rule LAM -1} extracts the explicit type annotatighthat dec-
oratesz, and replaces it witld | z in the transformed term. Ac-
cordingly, the shape environmehtis extended with the binding
x : 0|g, and the function’s inferred shapedr — s if t's
inferred shape is. Rule LAM-|l is analogous, but combines the
expected shapewith the information contained in the type anno-
tation. For instance, i is v.v — ~ and@ is int, then the combi-
nation yieldss’ = int — int, so that the binding: : int is added
to the environment and arids checked with expected shapé.

Following Peyton Jonest al, bothApPp- andAPP-|} infer the
function’s shape and use this informationdoeckthe argument’s
shape. InAPP-|}, the argument’s shapge is combined with the
shapel — s, reflecting the fact that the application’s result shape
is known. As noted by Peyton Jonesal.[11, Section 4.6], these
rules are not very “smart:” the shape inferred idr z, whereid
has shape.y — ~ andx has shapent, is L. Indeed, becauseis
examined in checking mode, the information thatas shapeént
is discarded. The algorithm KV is designed specifically to address
this deficiency.

Rule LET-{ is straightforward. The metavariabfestands for
one of f+ and . No generalization in the style of Hindley and

shape of the scrutinee to bdly explicitabout the generalized type
parameters: they cannot be (or contain) flexible type variables. As
explained ing4, this ensures that we have full knowledgerof If

this condition is not met, the program is rejected.

The first premise ilCLAUSE-{} and CLAUSE-{} confronts the
patternp with the scrutinee’s shape to obtain new rigid type vari-
ables, new equationsy’, and a newtype environmentl’. The
flexible type variables can occur free if”, so we abstract them
away, pointwise, to produceshapeenvironmenty.I'”.

The second premise BLAUSE-{} andCLAUSE-|} examines the
sub-term¢. The two rules exhibit subtly different formulations.

In CLAUSE-|}, the expected shapeis normalized with respect
to £ A E’, so as to maintain the invariant that the expected shape is
normalized with respect to the current equation system. As in rules
VAR-f and VAR-{}, this normalization step corresponds to a type
conversion: on the outside, the type of this branch appears to be
an instance of, but on the inside, it is an instance of g 5.
Again, this is reflected in the transformed term by inserting an
explicit type coercioni(t 1g 4.7) is defined as syntactic sugar
for (¢t : 35.(7 | > 7)), providedy # ftv(F) holds.

In CLAUSE-{}, no coercion is inserted: because no expected
shape is initially available, no normalization takes place. Instead,
t's inferred shape is prunedto produce an inferred shapé g g/
for the clause. The need for pruning was discussed eafie8)(

Milner takes place, because there is nothing to generalize: the onlyIn short, returnings would be unsound: it might represent a com-

free type variables in a shape are rigid type variables.

Rule Fix-r exploits the type annotation carried by thé con-
struct to examing in checking mode. The subtlety is that the
polymorphic type annotatiofy.Va.7 is turned into two different

shapes. The shape inferred for the entire construct is (the normal-

ized form of)ya.r, a shape where the type variabtesire bound.
This shape is also ascribeddn the environment, so thatcan be
used at several different types within its own definition. However,
the shape that is expected tfs more precise: it is (the normal-
ized form of)7.7, a shape where the type variableare exposed.
This makes sense only thanks to our convention tHabinds &
within t—in other words, the type variables are rigid withint.
Fix-{} is analogous, but combines the type annotation with the ex-
pected shape.

Applications of data constructors could be treated like func-
tion applications. Instead, iI€STR-{}, we adopt a different ap-
proach, which is reminiscent of Peyton Jorssal’s “smart ap-
plication” rule APPN[11, Section 4.6]. The arguments are exam-
ined in inference mode, rather than in checking mode, yielding
shapess, . . ., sn. The data constructor’s type scheme, viewed as
a shapes, is then unified with the shapg x ... x s, — L. This
yields an appropriate instance g@fwhose codomain is the desired
inferred shape. For instance, assuming that.e has type scheme
Ya.a — option « andx has shapent, this rule allows inferring
that Some x has shapeption int. Rule CSTR-|} is analogous to
APP-|l. The shape operatdp;(-) extracts the-th component of
the domain of its argument: its definition is analogous to that of
D().

RulesCAse-ff and CASE-|} are straightforward. The termis
always examined in inference mode, yielding a shep&his shape
is passed down t€LAUSE-{} or CLAUSE-|}, where it is exploited
to determine which new equations arise.

In FORALL-1}, the rigid type variables can occur free in the
shapes, so they are abstracted away in the inferred shape
In FORALL-{}, the expected shapemay involve quantified type
variablesy, but we cannot guess how to match these up witko
all we can do is passdown unchanged.

Rules CLAUSE-{} and CLAUSE-|} are rather similar toX-
CLAUSE in Figure3. We do, however, introduce an important re-
striction. The new side conditiop# ftv(72) requires the (inferred)

mitment to one of several shapes that are equivalent with respect to
E A E’ butnotwith respect taF.

The (pruned) shapes returned byCLAUSE-1{} for each branch
are unified inCAsSEe-1}, yielding U;s;. Because these shapes are
pruned, unification cannot fail unless the program is ill-typed in

LGI

The main differences between Peyton Joerésl’s original
type system antlVobare (i) our use of unification, implicit in the
least upper bound operator over shapes, which makes the algorithm
more accurate (unification was also present in Peyton Jetredss
APPN); and (ii) our insistence on full knowledge of the equations
that arise atase constructs and our use of pruning.

Every well-typed MLGI program can be turned into a program
that is well-typed with respect to the combination \Wbb and
MLGX by adding enough type annotations. We omit a formal
statement.

Example Consider again thewval example of§1, wherep is
replaced withu*. Let us attack this term in inference modiex -t
switches to checking mode for the sub-tekm. . ., with expected
shapeterm a — «. LAM-| determines that has shapeerm o
and checks thease construct against shape CASE-|} looks up
the environment and infers thahas shapeerm «, which allows
inserting the annotatioft : term «) in the transformed term.
Every branch is then examined By AUSE-|}, with knowledge that
the scrutinee has shaperm « and that the branch has expected
shapea. In the Lit branch, for instance, the equation = int
becomes available, so the expected shape normalized toint
upon entry, and the coerciofi : (int > «)) is inserted. The
variables is then successfully checked against shape The type
variable o, which appears in the newly inserted annotations and
coercions, is bound by the* construct, so no neWa binder needs
be inserted. Rule¥AR-{} and VAR-{} sometimes insert redundant
coercions, such &snt > int), which can easily be optimized away,
if desired.

This explains how theeval example of§l is automatically
transformed into the annotated versior$4f Then, the transformed
program is successfully submitted to MLGX type inference.

Soundness We now give a formal soundness statement\iah
The statement assumes that a derivatiofof - ¢ : o in MLGI



is given. Naturally, in practice, this derivation is not known: it only  int. Furthermoreg + x must be coerced fronnt back toa, so as
exists in the programmer’s mind! Here, it is used as an oracle: the to satisfy the programmer-supplied annotation, which requires the

assertion that a shapeis a sound approximation afs “true” anonymous function’s return type to be

type is encoded by the statemehit I s < o. The assertion However,Wobis unable to insert any coercion. The term con-
that the annotations and coercions inserted by the algorithm aretains a double application of.ap. Wobattacks the outermost ap-
sound is encoded by the statement that the transformed testiti plication in checking mode with expected tyfiet o. By App-J},
has typeo in MLGI. (This does not imply that’ is well-typed this requires firsinferring a shape for the innermost application
in MLGX.) Thus, Item1 of Theorem6.1 can be readif Wob is map (Az....), thencheckingthe argument. Thus,APP-1} is ap-

invoked in inference mode and supplied with sound assumptions,plied to the innermost application. The shape inferredrfap is

then it produces a sound shape and inserts sound annotations andy:vz.(y1 — v2) — list y1 — list 2. This leads to checking that

coercionsltem 2 makes a similar statement about checking mode. \z.... has shape;~2.71 — ~2. This imprecise shape does not

Theorem 6.1 (Soundnesshet E,T" - ¢ : ¢ hold in MLGI. Let provide any |n’format|0n about the type sfor aboqt the anony-

EIFT' < T hold. Then mous function’s return type. As a consequend&®bis unable to
- ' ' insert any coercion into the function.

LI E,I"F t ft s ~ t' holds inWob, thenE I s < ¢ holds In this example, the “right” thing to do at the outermost appli-
andE,T +t': o holds in MLGI. cation is to first examing in inferencemode, yielding the shape
2.1f B,T" - t | s ~ t' holds inWob, E I s < ¢ holds, ands list o, and to exploit this information to examine the innermost ap-

is normalized w.rtE, thenE,I' - t' : o holds in MLGI. ¢ plication incheckingmode with expected shap&t a — list a.

) ) The “right” thing to do at the innermost application is to examine
The reader might wonder why we refer to this property as ., ininferencemode, since its type is known, and to exploit this

‘soundness.” It states that the inferred shapmdse generathan information to examine\z. . .. in checkingmode, with expected
any actual type, whereas itis customary to say that a type inferencesnape, — «. This shows that committing to either left-to-right or
algorithm is “sound” when the inferred type lisss generathan right-to-left propagation is a bad idea. o

some actual type. Our shape inference algorithms are intended to
compute an under-approximation of the program’s types, whereas  To avoid such a commitment, we suggest dealing with applica-
a standard type inference algorithm is required to compute an tion (and, in general, with binary constructs) irsgmmetrioway.
over-approximation (or, if the type system has principal types, This becomes possible if shape inference is broken up into two
to compute a principal type). This explains why we reverse the passes. The idea is, roughly speaking, as follows. During a first
standard terminology—referring to our shape inference algorithms pass, both function and argument are examinddfarencemode.
as “complete but unsound” would seem bizarre. During a second pass, both are examinegtieckingmode. The
Soundness comes at a price. It rests upon pruning, which de-shape inferred for the function during the first pass is used during
mands exact knowledge of the current equation system. This led tothe second pass to predict the argument’s expected type, and vice
requiring, inCLAUSE-fy and CLAUSE-|}, that the (inferred) shape  versa. This allows information to propagate both ways.
of thecase scrutinee be fully explicit about the generalized type pa- Another, independent idea is to abandon the distinction between
rameters. If one gave up soundness, one could design more liberainference and checking modes altogether. Indeed, when in infer-
versions of these rules where the shape of the scrutinee is allowed taence mode, why refuse to take advantage of the information of-
be incomplete, giving rise to a weaker equation system within the fered by an expected shape? Conversely, when in checking mode,
clause. This route is followed by Peyton Jomesal. [11], whose why refuse to produce an inferred shape which potentially could
“wobbly unification” algorithm ‘may do less type refinement than  be more precise than the initially expected shape? Our answer is to
would be justified in an explicitly-typed prograi@n the one hand,  perform both checking and inference at once. Judgemeritsisn
because Peyton Jonesal’s system is able to work with an under-  take the formE, T - ¢ || s 4 s’ ~» ¢/, where the inferred shapé,
approximation of the current equation system, it sometimes acceptsan output parameter, is always at least as precise as the expected
a program that we reject. On the other hand, because it does not dashapes, an input parameter—that is, < s’ holds. Both are nor-

any pruning, it sometimes infers unsound shapes. malized with respect t&. In short,Ibis is bidirectional, likeWoh
) ) but runsin both modes simultaneousljhis is reminiscent o€ol-
7. The shape inference systernbis ored local type inferencs].

Our rough initial statement that the first pass runs in inference
mode, while the second pass runs in checking mode, can now be
made more precise. Both passes are in fact identical—that is, they
are defined by the exact same set of rules—and both simultaneously
perform shape checking and inference. The first pass annotates the
immediate sub-terms of all application nodes with their inferred
shapes. The second pass then exploits these annotations to infer
more accurate shapes.

Thus, Ibis really consists of a single pass than canitbeated
as many times as desired. In practice, iterating at least twice is re-
quired for information to be propagated from function to argument,
and vice versa, at application nodes. Furthermore, we believe that

Although Wob successfully turns thewval example of§l into a
well-typed MLGX term, it suffers from a shortcoming in its treat-
ment of application. As noted i§6, it infersthe function’s shape
and uses this information to examine the argumenthecking
mode. Our ruleCsTR-{} and Peyton Jonext al's APPN[11] make
an opposite choice and examine the argumenisferencemode.
In fact, either choice isd hoc Ideally, shape information should
be allowed to flow from function to argumeand vice versaWe
now describe a shape inference system that subsWbésnd is
designed to allow propagation both ways. It is callbis, which
loosely stands foiterated bidirectional symmetric

Example 7.1 The following term illustrateshobis shortcoming. iterating twice is sufficient in order to obtain acceptable precision,
We assume that the data construdtdras typety int, so that the so we do not advocate iterating until a fixpoint is reached. Doing
equationo = int is available inside thease construct. so would allow accepting more programs, but would perhaps com-
1 (double : Yoty o — list o — list o) AL promise the algorithm’s perceived simplicity and predictability. It
map (Az.casetof I — z +z) 1 would also break its linear complexity bound.

Three explicit coercions are necessary to turn this into a well-typed Presentation The rules that definébis are shown in Figure.
MLGX term. At both occurrences af, o« must be converted to Rule I-A PP expects the functiom; and the argument, to carry
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Figure 7. The shape inference systdhis

explicit type annotations; ands.. If, in fact, there is no such an-  inference and checking simultaneously. Whabattacks the in-
notation, thenL is used. In practice, there typically is no annotation nermost application in inference mode, it forgets about the expected
before the first pass. The inferred shapgands, are recorded as  shapel — list .) However, the term has been annotated with in-
type annotations, to be exploited during the next pass, if there is formation that can now be exploited by the second pass.
one. In the second pass, at the outermost application, the function’s
By assumption, there are no coercions in the source term. Ruleinferred shapey.list v — list « is combined with the argument’s
|I-CoERCEStates that each pass erases the coercions inserted duringnferred shapéist «. This leads to examining the innermost ap-
the previous pass. Indeed, since each new pass has better shagaication with expected shapést o — list «. At the innermost
information than the previous pass, it is able to produce more application, this information allows determining thatp is being

accurate coercions. used at typéa — «) — list « — list a, which leads to exam-
We omit a detailed explanation of the other rules. In most ining the anonymous functiokz. . . . with expected shape — «.

cases, the inference and checking variants of every rilgatifare Ibis's second pass is now able to determine thdtas shapev,

superimposed to produce a rule that does checking and inferencewhich allowsl-VAR to insert coercions from to int at both uses

simultaneously. of z. The term produced by the second pass is:

Example 7.2 Consider thelouble example again: w*(double : Va.ty a — list o — list ). AL

((map : (o — ) — list a — list )
((A\zx.caset of
I— ((z:av>int)+ (z:ab>int):int > a))

w*(double : Va.ty a — list o — list o). At AL
map (Az.casetof I -z +x)l

The first pass of algorithnibis attacks the outermost application L — )

With_expec_ted shapést . First, it _examines the Ieft-hand side, < list o —s list a)

that is, the innermost application, with expected shape- list . (i : list a)

This leads to examiningnap with expected shapg — | — ] ] ] ] o

list .. Rulel-VAR combines this withnap’s known shape, yield- It is well-typed in MLGX, which means that this definition of
ing the inferred shaps.(y — ) — list v — list . The sub- double is accepted by the stratified type inference system that
termmap is annotated with this shape. Then, the anonymous func- combinesbis and MLGX. ©

tion is entered, with expected shapey — «. Thecase construct
is examined with expected shapewhich leadd-CLAUSE to in-
serting a coercion afnt back toa around the clause. The outcome
of the first pass is the term

Statements Just like Woh Ibis enjoys a soundness theorem,
which we do not state here. Similarly, every well-typed MLGI
program can be turned into a program that is well-typed with re-
spect to the combination dibis and MLGX by adding enough type

u*(double : Yoty a — list o — list o). At annotations. The two theorems below state that the first iteration of
((map 2.y = a) — list v — list «) Ibis alone yields shape information that is more precise than that
((Az.casetof I — (z+z:int > @) : vy — ) offered byWoh and that each further iteration tfis refines this
sy list v — list a) information.
(I: list ) Theorem 7.3 (bis subsumesiNob) If E,T F ¢ { s ~ ¢ holds in

Here, Ibis did only marginally better thakiVola only one coercion  Wob, then there exist a shapeand a term¢” such thatt, I' - ¢ |}
was inserted. (The improvement is duglhis's ability to perform Lo+ s" ~¢" holds inlbisands =< s. o
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